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Abstract. In this paper, wc investigate the supercategories consisting of supemiod- 
ules over quiver Hccke superalgebras and cyclotomic quiver Hecke superalgcbras. We 
prove that these supercategories provide a supercategorification of a certain family of 
quantum superalgebras and their integrable highest weight modules. We show that, 
by taking a specialization, we obtain a supercategorification of quantum Kac-Moody 
superalgebras and their integrable highest weight modules. 
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Introduction 

This is a continuation of our previous work on the supercategorification of quantum 
Kac-Moody algebras and their integrable highest weight modules [KK012]. We first 
recall the main results of [KK012]. 

Let / be an index set, (A = (ajj)jjg/, P, 11, 11^) be a symmetrizable Cartan datum 
and Uqlg) be the corresponding quantum group (or quantum Kac-Moody algebra). 
Since A is symmetrizable, there is a diagonal matrix D with positive integral entries 
dj {i G /) such that DA is symmetric. For a dominant integral weight A G P"*", we 
denote by ^(A) the integrable highest weight f/g(g)-module with highest weight A. 
The integral forms of Uq{g) and ^(A) will be denoted by UA{d) and Va(A), where 
A = Z[q,q-^]. 

In [KL09, KLll, R08], Khovanov-Lauda and Rouquier independently introduced a 
new family of graded algebras, the Khovanov-Lauda- Rouquier algebras or quiver Hecke 
algebras, that gives a categorification of quantum Kac-Moody algebras. Furthermore, 
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Khovanov and Lauda conjectured that the cyclotomic quotients of quiver Hecke alge- 
bras give a categorification of integrable highest weight modules over quantum Kac- 
Moody algebras. This conjecture was proved by Kang and Kashiwara [KKll]. (See 
[WIO] for another proof of this conjecture.) 

Naturally, our next goal is to find a super- version of Khovanov-Lauda-Rouquier cat- 
egorification theorem and Kang-Kashiwara cyclotomic categorification theorem. In 
[KKTll], Kang, Kashiwara and Tsuchioka introduced the notion of quiver Hecke su- 
peralgebras and quiver Hecke- Clifford superalgehras which are Z-graded algebras over 
a commutative graded ring k = ©„>ok„ with ko a field. They showed that these su- 
peralgebras are weakly Morita superequivalent and that, after some completion, the 
quiver Hecke- Clifford superalgebras are isomorphic to the affine Hecke- Clifford super- 
algebras. It follows that the same statements hold for the cyclotomic quotients of these 
superalgebras. 

Based on the results of [KKTll], Kang, Kashiwara and Oh proved that the quiver 
Hecke superalgebras and the cyclotomic quiver Hecke superalgebras provide a super- 
categorification of quantum Kac-Moody algebras and their integrable highest weight 
modules [KK012]. Here, a supercategorification of an algebraic structure means a 
construction of a 1-supercategory or a 2-supercategory whose Grothendieck group is 
isomorphic to the given algebraic structure. To describe the main results of [KK012] 
in more detail, we need to fix some notations and conventions. 

Let k be a commutative ring in which 2 is invertible. A supercategory is a k-linear 
category ^ with an endofunctor H and a natural isomorphism ^ : H^ — id such that 
^ ■ H = H ■ ^. A 1-supercategory is a k-linear category "io such that 

(i) Hom<r^(X, Y) is endowed with a k-supermodule structure for all X, F G 

(ii) the composition map 

Hom^(r, Z) X Hom.^(X, Y) Homc^(X, Z) 

is k-superbilinear. 

The notion of supercategories and that of 1-supercategories are almost equivalent. 
One can also define the notion of 2- supercategories. The basic properties of supercate- 
gories, 1-supercategories and 2-supercategories are explained in Section 7. 

Let A = Aq® Aihe & k-superalgebra with an involution (pA defined by 



0A(a) = (-l)'a (« e A„ e = 0, 1). 
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We denote by Mod(A) be the category of left A-modules. Then Mod(y4) is endowed 
with a supercategory structure induced by (pA- On the other hand, let Modsupcr(^) 
denote the category of left A-supermodules with Z2-degree preserving homomorphisms. 
Then Modsuper(^) has a structure of supercategory induced by the parity shift functor 

n. 

For (3 G Q"*", let -R(/3) and R^{f3) be the quiver Hecke superalgebra and the cy- 
clotomic quiver Hecke superalgebra at /3, respectively. In [KK012], we dealt with the 
supercategory Mod(i?(/3)) and Mod(i?^(/3)), not Modsuper(i?(/3)) and Modsupcr(^'^(/3))- 
More precisely, let (A, P, 11, 11^) be a Cartan superdatum. That is, the index set / has 
a decomposition / = /even U -^odd and aij G 2Z for i G /odd, j £ I- We denote by 
Proj (/?(/?)) the supercategory of finitely generated projective Z-graded /?(/3)-modules 
and Rep(/?(/9)) the supercategory of Z-graded /?(/3)-modules that are finite-dimensional 
over ko- We define the supercategories Mod(/?^(/3)), Proj(/?^(/3)) and Rep(/?'^(/3)) in 
a similar way. Consider the supercategories 

Rep(i?A) = Rep(/?^(/3)), Proj(/?^) = Proj(/?^ (/?)), 

/3eQ+ /3eQ+ 

Rep(/?) = Rep(/?(/3)), Proj(/?) = Proj(/?(/3)). 

/3eQ+ /3eQ+ 

In [KK012], we proved that 

\4(A)^ ^ [Rep{R% V^{A) ^ [Proi{R% 

U^igy ^ [Rep(/?)], U^ig) ^ [Proj(/?)], 

where [ ] denotes the Grothendieck group and Va(A)^ (resp. U^{gy) is the dual of 
Va{A) (resp. U^{g)). 

The main theme of this paper is to investigate the structure of supercategories 

Mod„(i?^) = Modsuper(i?^(/3)), Modsuper(i?) = Mod„ (/2(/3) ) , 

/3eQ+ /3eQ+ 
Repsuperl/?"^) = Rep3^pe,(/?^ (/?)), Rep3^pe,(/?) = Rep„ (/?(/?)), 

Proj„(/?^) = Proj„(/?''(/3)), Proj„(/?) = Proj„(/2(/3)). 

/3eQ+ ^6Q+ 

Here, we denote by Modsuper(-R(/3)) the supercategory of Z-graded /?(/3)-supermodules, 
by Projgypei.(/2(/3)) the supercategory of finitely generated projective /?(/3)-supermodules 
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and by Repgyppj,(i?(/3)) the supercategory of i?(/3)-supermodules finite-dimensional over 
ko. We define the supercategories Modsuper(-R^ (/?)), Projsupei,(i?^(/3)) and ReTp^^^p^^{R^{(3)) 
in a similar manner. The parity functor 11 induces involutions n on the Grothendieck 
groups of these supercategories and we have isomorphisms 

[Rep(i?^)] ^ [Rep„(^^)]/(vr - l)[Rep,,p,,(i?^)], 
[Proj(i?'^)] ^ [Proj„(i?^)]/(7r- l)[Proj„(^^)], 
[Rep{R)] ^ [Rep„(i?)]/(7r - l)[Rep„(i?)], 
[Proj(i?)] ^ [Proj,,p,,(i?)]/(7r - l)[Proj„(i?)]. 

Our goal is to prove that quiver Hecke superalgebras and cyclotomic quiver Hecke 
superalgebras provide a supercategorification of a certain family of quantum superalge- 
bras and their integrable highest weight modules. We will also show that, by taking a 
specialization, we obtain a supercategorification of quantum Kac-Moody superalgebras 
and their integrable highest weight modules. However, it is quite delicate and needs 
some special care to present a precise statement of our main theorem. 

We first define the algebras f/e,p(fl) and Uq~{q) which are generalizations of quantum 
Kac-Moody (super) algebras. Let 9 := {9ij}i j^j and p := {{Pij}i,j(^i, {Pi}i£i) be families 
of invertible elements in k such that — 1 is invertible for all z G / and n G Z>o- 
Assume that 9 and p satisfy the condition (2.8). We define Ue^p^Q) to be the k-algebra 
generated by Cj, /j, Kf^ with the defining relations (2.1) and (2.11). We denote 
by Mod^(f/6)_p(g)) the category of P-weighted [/6)^p(0)-modules and Of^^{Ue^p{g)) the 
subcategory consisting of P-weighted integrable p(0)-modules. 

For each i G /, choose a function Xj : P — )■ satisfying (2.13). The Verma module 
Mg^p{A) is defined to be the ?76»,p(g)-module generated by a vector u\ with defining 
relations 

KiUA = Xj(A)^iA, CjUA = for all z G /. 

We define Ve^p(A) = M5)_p(A)/N0 p(A), where N6ip(A) is the unique maximal Ug^p{g)- 
submodule of Me,p(A) such that N0,p(A) nkwA = 0. If A G P+, then VeA^) belongs to 
CkLt(^9,p(0)) and fi'^^''^^~^^v\ = for all i G /, where va is the image of ma in Ve,p(A). 
We conjecture that the category Of^^^Ug^Q)) is semisimple and every simple object is 
isomorphic to V6i,p(A) for some A G P"*". (See Conjecture 2.8.) 

On the other hand, let 9 = {%}jje/ and p = {pi}i^i be families of invertible elements 
in k such that 1 — is invertible for alH G /, n G Z>o- Assume that 9 and p satisfy 
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the condition (3.4). We define Wg-~(g) to be the k-algebra generated by Cj, /«, Kf^ with 
defining relations (3.1) and (3.8). Assume that 9, p, 9 and p satisfy the relation (3.3). 
Then we have the following equivalences of categories (Proposition 3.4): 

ModP(f/,,p(s)) ^ ModP(W^~(s)), 0^n.{Ue,M) ^ O^M,^^^))- 

Moreover these categories only depend on 

The algebras Uq^{q) and ^^~{b) have a structure of B^~(0)-module, where Ugp{g) 
(resp. ^^-io)) is the subalgebra of Ug^p{g) (resp. Ug~{g)) generated by /j's {i G /) and 
Bq~{q) is the quantum boson algebra (see Definition 3.7). 

For a Cartan superdatum {A, P, 11, 11^), we define the parity function p : / — )■ {0, 1} 
by p(0 = if z is even, p(z) = 1 if z is odd. We denote by Peven = ^ P I {hi, A) G 
2Z for i G /odd} and set P+^j, = P+ fl Peven- 

Let TT (resp. a/tt) be an indeterminate such that tt^ = 1 (resp. (^/t?)^ = ^)- For any 
ring R, we define 

i?^ = i?®Z[7r], = R®Z[^/^]. 

Set k = Q(g)^ and choose 9 and p satisfying (4.4): 

Pi = qiy/%, Pij = qT' y (^ij(^ji = 1) 9ii = 7ri. 

Let Ug(g) = f/6i,p(0) and Vg{A) = V6),p(A) for this choice of 9 and p. The algebra Ug(0) 
is the quantum Kac-Moody superalgebra introduced by [KT91, BKM98]. It was shown 
in [BKM98] that the category Cj?^^™°(C(g) ®(Q(g) Ug(g)) is semisimple and every simple 
object is isomorphic to Vg{A) j (a/tt — c) for some A G Peven and c G C with = 1. 
Now we take another choice of 9 and p given in (4.6): 

Pi = qi^Th, Pij = pT ^ ^ij = 

We denote by U(g) = Ug^p{g) and V(A) = Ve^p{A) for this choice. We prove in Corollary 
4.5 and in Theorem 4.16 that 

(i) We have the equivalence of categories 

ModPU(s) ^ Mo(fU^{g). 

(ii) The category CP^.(U(g)) is semisimple and every simple object is isomorphic 
to V(A) for some A G P+. 



if i 7^ j, 
if i = j. 
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The key ingredient of the proof is the quantum Casimir operator for the quantum 
superalgebra U(0) (See Section 4.3). 

We finally define U{q) to be the k-algebra ^^-(g) with 9, p and k given in (5.1): 

Pi = q^i, % = Oj, = vrP»P(^-)g-"- , k = Q(g)-. 

For A G P''", let V(A) be the P-weighted W(g)-module generated by vjy with defining 
relations (5.4): 

Then we prove in Theorem 5.2 that 

(i) We have the equivalences of categories 

ModP(Q(g)-^®Q(,). W(g)) ^ ModP(U(s)), 
0r„t(Q(g)^ W(0)) ^ OUVis)). 

(ii) The category Of^^(U{Q)) is semisimple and every simple object is isomorphic 
to V(A)/(7r - e)V{A) for some A e P+ and £ = ±1. 

The algebra U{q) and the W(g)-module V(A) are directly related to the supercate- 
gorification via quiver Hecke superalgebras and cyclotomic quiver Hecke superalgebras. 
We denote by Uatt^q) and Va^{-A) the A'^-forms of U{g) and V(A), respectively, where 
A'^ = Z[q,q^^Y C QiqY- Also, we denote by ^^^(fl) and 5^7(5) the upper and lower 
A'^-forms of the quantum boson algebra Bg-{g). 

Now we can state our supercategorification theorems (Theorem 8.14 and Corollary 
8.15): 

(a) There exist isomorphisms of Wa^t (g)-modules 

Va.(A)^ ^ [Rep,,p,,(i?^)], Va.(A) ^ [Proj„(i?'^)]. 

(b) There exist isomorphisms 

Wa-(s)^ ^ [Rep^^pe, (/?)], U^Aq) ^ [Proj,^per(i?)] 

as (0)-modules and i?^^(0)-modules, respectively. 

To prove our main theorems, for each z G / and /3 G Q"*", we define the superfunctors 

: Modsuper(i?^(/3 + «.)) ^ Modsuper(i?^(/3)), 
i^^: Modsuper(i?''(/3)) ^ Modsuper(i?^(/3 + «.)) 
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by 

E^iN) = e{f3, i)N = e{f3, z)R\f3 + a,) ®ra(^+„,) N, 
Ft{M) = + a,)e(/3,2) ®rA(^) M 

for M e Modsupcr(-R^(/3)) and N G Modsupcr(-R'^(/3 + By the same argument 

as in [KK012], one can verify that and F/^ are well-defined exact functors on 
Repg„pj;j.(-R^) and Projgyppj.(i?'^). Similarly, one can show that there exist natural iso- 
morphisms of endofunctors on Modsupcr(-R^(/3)) given below: 

E^F^ ^ g-{"d".)nP«pO)F/Ef if i ^ J, 

U^q-'FtEt ® n^gf ^ EfFt if {K A - /?) > 0, 

fc=0 

-(/i,:,A-/3>-l 

^^qfFtEt^EtFt® n^V''-' if (/^.,A-/3)<0. 

fc=0 

It follows that [Repg,jpgj,(-R^)] and [Projsypj,j,(i?^)] are endowed with (0)-module 
structure. Moreover, using the characterization theorem of Va-^{^Y in terms of strong 
perfect bases (Theorem 6.6), we conclude that 

VA.(A)^-^[Rep3,p,r(i?^)]. 

The rest of our statements follow by duality and by taking inductive limit. 

When the Cartan superdatum satisfies the (C6) condition proposed by [HW12]: dj 
is odd if and only of i G /odd, we have 

ModP(W(s)) ^ ModP(U,(s)), 

where U„(0) is the usual quantum Kac- Moody algebra with v = qy/rr. Hence the results 
in [HW12] follow as a special case of our supercategorification theorems. 

Acknowledgements. We would like to express our gratitude to Sabin Cautis for 
fruitful correspondences. 

1. Preliminaries 

Let I be an index set. An integral matrix A = {aij)ij^j is called a Cartan matrix if 
it satisfies: (i) an = 2, (ii) aij < for z 7^ j, (iii) aij = if aji = 0. We say that A is 
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symmetrizable if there is a diagonal matrix D = diag(dj G Z>o | i G /) such that DA is 
symmetric. 

Definition 1.1. A Cartan datum is a quadruple (A, P, 11, 11^) consisting of 

(i) a symmetrizable Cartan matrix A, 

(ii) a free abelian group P, called the weight lattice, 

(iii) n = {oi G P I i G /}, called the set of simple roots, 

(iv) = {hi I 2 G /} C P^ := Hom(P, Z), called the set of simple coroots, 

satisfying the following properties: 

(a) {hi, aj) = ttij for all i,j G /, 

(b) n is linearly independent. 

The weight lattice P has a symmetric bilinear form ( | ) satisfying 

{ai\X) = di{hi. A) for all A G P. 

In particular, we have = dittij. Let P+: = {A G P | {hi. A) G Z>o for all z G /} be 

the set of dominant integral weights. The free abelian group Q := ©jg/Zoj is called the 
root lattice. Set Q"^ = X]ie7'^>o'^* ^^'^ Q~ ~ — Q"*"- For f3 = Y^kiUi G Q, the height oi 
P is defined to be = ^ \ki\. For each i ^ I, let Sj G GL(P) be the simple reflection 
on P defined by Sj(A) = A — {hi, \)ai for A G P. The subgroup W of GL(P) generated 
by Si is called the Weyl group associated with the Cartan datum (A, P, 11, 11^). 

Definition 1.2 ([Kac90]). The Kac-Moody Lie algebra q associated with the Cartan 
datum (A, P, 11, H^) is the Lie algebra over Q generated by t: = Q(8)P^ and Cj, fi {i G /) 
satisfying the following defining relations: 

(i) t is abelian, 

(ii) [h,ei] = {h,ai)ei, [h, fi] = -{h,ai)fi, 

(iii) [ei,fj\ = 6ijhi, 

(iv) adiciY'"'^ Cj = 0, ad(/i)^~'''^/j = for any i ^ j e I. 

Then q has the root space decomposition: g = 0^, where 

0/3 = {a G I [h, a] = {h, (3)a for any h E t} . 

We denote by 

(i) A := {/3 G Q \ {0} I 0/3 7^ 0}, the set of roots of 0, 

(ii) A^*" := A n Q^, the set of positive roots (resp. negative roots) of 0, 
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(iii) mult(/3) := dimg/j, the multiplicity of the root (3. 

Let k be a commutative ring which will play the role of base ring. In this paper, 
we will deal with several associative k-algebras A generated by Cj, fi , Kf^ [i G /) 
satisfying the relations 

for some invertible elements gi in k. 

We say that A has a weight space decomposition if it is endowed with a decomposition 

A = Aa 

such that CiAa + AaCi C Aa+ai, fiAa + Aafi C Aa-at Slid KiaK^"^ = gf'"'^'' a for any 
a G Q and a G Aa- 

Let G be a subset of P such that G + Q C P. An ^-module V is called a G-weighted 
module if it is endowed with a G-weight space decomposition 

such that AaV^ C V^+a, and -ft'ilv^ = fi'i '^"^^ idv,i for any a G Q and /i G G. A vector 
f G V"^ is called a weight vector of weight /i. We denote the set of weights of V by 
wt{V) := {ft e G \ V^^Q}. 

We call an ^-module M a highest weight module with highest weight A if M is 
(A + Q)-weighted module and there exists a vector v\ G Ma (called a highest weight 
vector) such that 

(LI) M = Ava, eiVA = for alH G /. 

An ^-module M(A) with highest weight A G P is called an A- Verma module if every 
^-module with highest weight A is a quotient of M(A). 

For later use, we fix some notations. 

(i) We denote by Mod*^'(^) the abelian category of G-weighted ^-modules V . 

(ii) We denote by 0^{A) the full subcategory of Mod*^(^) consisting of G-weighted 
^-modules V satisfying the following conditions: 

(a) dimVA < oo for any A G G, 

(b) there are finitely many Ai, . . . , G G such that wt(V^) C IJi=i('^« ~ Q^)- 
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(iii) We denote by 0^^{A) the full subcategory of 0'^{A) consisting of the modules 
V satisfying the additional condition: 

(c) For any i E I, the actions of Cj and fi on V are locally nilpotent. 
Definition 1.3. 

(a) We say that an ^-module is integrable if it belongs to the category Of^^{A). 

(b) For V G 0^{A), we define its character by 

ch(y) = ^(diml^A)e\ 

A6P 

Let i? be a ring and let {X^^ | j G J} be a family of commuting variables. Set 

R[Xf \ jeJ] = R®z Z[Xf I J G J]. 
Then the following lemma is obvious. 

Lemma 1.4. (a) Let {(pj | j G J} be a family of commuting automorphisms of R. 
Then R[Xp^ | j G J] has a ring structure given by 

Xf a = iff (a) Xf (a e R, j e J). 

(b) If J' G J and ip"^ = id for all j G J' , then we may assume that Xj = 1 for all 

J e J'. 

In this case, we say that R[Xf \ j E J] is obtained from R by adding the mutually 
commuting operators satisfying 

XjuXf = fj{a) (a E R,j E J). 

For a, b Ek and n E Z>o , we define 

(L2) [n]a,h = — [n]a,bl = Yl[k]a,b, 

^ k=l 

Note that they are polynomials of a and b. Moreover, we have 
(1.3) [nU,, = c"-i[a]„,,, [n]ac,bJ = c"("-^)/'[n]„,fe!, 

n-l 
k=0 



m 
n 



a.h 



^n{m-n) 



ac.ha 



m 



n 
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2. The algebra Ue,p{g) 

Let 9 := {^jije/ and p := {{Pij}i,jei: {Pi}iei) be families of invertible elements of a 
commutative ring k such that — 1 is invertible for any i and n G Z>o. Define T{6, p) 
to be the k- algebra generated by Cj, /«, A'^^^ {i G /) with the defining relations 

KiKj = KjKi, KiCjK-^ = pijCj, KifjK'^ = p-^fj, 
(2-1) K-K-^ 

Pi - ft 

Then there exists an anti-isomorphism 

(2.2) J^{9,p)^J^C9,p) 
given by 

H- fi, fi ^ Ci, ^ Ki (i G /), 

where = Oji. 

Let us denote by J^^{0, p) be the subalgebra of J^{0, p) generated by the /j's (i G /). 
Then J^~{0, p) is a free k-algebra with {/j | z G /} as generators. Similarly, let J^^{6, p) 
be the subalgebra generated by the e^'s {i G /) and set J-"*^ = k[ii'j^^ | i G /]. Then we 
have a triangular decomposition 

(2.3) J^^{e,p)^k[Kf^ I i G /]®J^+(^,p)^J-(^,p). 

We will investigate the role of 6' and p in characterizing the algebra J^{6, p). Let 9' and 
p' be another choice of such families and consider the algebra J^{6', p'). We take a set of 
invertible elements Xij,yij, Eij, Ci in k and let J^{9,p)[P,Q, R] (resp. J^{9',p')[P,Q,R]) 
be the algebra obtained from J^{9,p) (resp. J^{9',p')) by adding mutually commuting 
operators P = (i^±^), Q = (Qf), R = {Rf) satisfying 

PeP~^=xe PfP'^ = x~^f- PKP~^ = K 

Qi&jQi = yijdj, QifjQi — Uij fji Qi^jQi ~ 

XijDij ^ij) ^ij 1) PiQi CiRi, R^ 1. 

Proposition 2.1. Assume that 

Ql \q \q I Pi Pi 

"ij ^ij'^ji'^ij ij ^jiVijVji *i' Pij ^ijPiji Q Xa — j-. 

Pi ~ Pi 
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Then there exists a k-algebra isomorphism 

K : ^{9, p) [P, Q,R]^ J^{e', p') [P, Q, R] 

given by 

Cj I— >■ CiPi, fi I— >■ fiQi, Ki >■ KiRi. 

Proof. We have 

(-^ij ^ifj ^ jiVjif j^i) PiQ j 

Since 6'^^ = Xiji/jiOji, it is equal to 

_ , i^.P.-(A.p.r^ / i^.-i^ri 



K - pr^ ^ Pi-P^ 

The other relations can be easily checked. 

Hence we obtain the following corollary. 
Corollary 2.2. Suppose we have 

(2.4) = pI = = Pu/Ou- 

Then there exists a k-algebra isomorphism 

n : ^(^, p) [p, g, p] ^ ^(^', pO [p, g, p] 

/or some choice ofxij, yij, eij, Ci {i,j e I). 

Now let us investigate the conditions under which the Serre type relations 



k=0 



can be added to the defining relations (2.1). Here, 



r 1 n t r 

m 



[m] f ! — m] f 
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Assume for a while that 
(2.6) 9ii = 1 and pu = p^. 

For i,j & I with i ^ j, let 



O ™ Ariij-m) r Am) 

m=0 



for some Uij G Z>o and Xij^m ^ k. We shall investigate the conditions under which Sij 
satisfies: CkSij G J^{9,p)ek for any A; G /. It is obvious that CkSij G J^{9,p)ek for any k 
such that k ^ Set 

= (x - x"^)/ (pi - pi^). 

Then we have 
It follows that 



m=0 

m=0 

m=0 

m=0 

Comparing the coefficients of K^^ , we see that CiSij G J-'{9,p)ei if and only if 

x^j,m+l9j^{pi"')^^ + a;^J,„^(p^"''"">^^■^)^^ = for < m < riij. 
Hence we obtain 

Set Xy^o = 1- Then we have 

(Pi ^Pij )"-'-) Pij ~ ^ijPi ^) Xij^m = { — Cij9j- ) , Cjj = 1, 
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which yields 
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m=0 



Thus we have 
CjSij 



m=0 



m=0 



Hence the following quantity vanishes for e = ±1: 



l\'m 



m=0 



rtij 

m 



J^ij-m em 



Tlij 



m=0 

11(1 P 



1 P 



k=0 



Here, the last equality follows from (1.4). 

Therefore there exist is with \ie\ < satisfying 



1 mod 2, pji = [OjiOijCijYpi 



Hence (pjj)^ = pI^^^ which implies pji = dijp1'\ where iij = (£+ + i~)/2 G Z and 
djj = 1. Then we have OijOji = Cijdijp^^ for some Since p/^ = '^p/, we have 



dij — ei'ij. Thus we obtain 



Pji = dijPi"\ OijOji = CijdijPi'' with ci?- = 1, \lij\ + < riij - 1, 



As its solution, we take 
(2.7) 

With this choice, we have 

Vij ^ijPi djiPj , OijOji Cijdji- 

Hence, together with On = 1, we obtain 



2 _ 2aij 
Vij Vi y 



(pijPji)/ i^ij^j^) = pT'' , Pii/^ii = pi- 
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Proposition 2.3. Assume that families 9 := {%}i,j67 and p := {{pij}ij^i, {pi}i£i) of 
invertible elements of k satisfy the following conditions: 

V% = pT^' , (PijPji)/ {GijOji) = , pii/9ii = pf and 

(2.8) 

1 — pf is an invertible element ofk for any i E I and n G Z>o- 
Set Pij = Cijp'^'' . Then we have 

e^iili-c^^Ojlfft^^^-'^fjf) 

fc=0 

A;=0 

fe=0 

fc=0 

for all I and i ^ j in I . {Note that cfj = 1.) 

Proof Set 6' = {6^^}, p' = {{p-jjijei, {Pi}iei) with O'-j = Oij/Ojj and p'-j = Pij/Ou. 
Then p'-j = {9iiCij)p1'^ and as shown in Proposition 2.1, there exists an isomorphism 
k: F{v,e)[P,Q,R]-^ ,e')[P,Q,R] with = 6,,, y,, = 1, = 1, and = 
Set 



k=0 

Then we have egK^Sij) = 6[^~"-^^ 6'j(^K,{Sij)e^. On the other hand, we have 

Hence we obtain the first equahty. 

The other equahty follows from this equality by applying the anti-automorphism 
(2.2). □ 
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The condition (2.8) implies 
(2.9) (%%)' = !, Sl = l, %%=p.,p^\ pf'^=pf^' 



Conversely, for any family of elements in satisfying (2.9), we can find 9 = 

and p = {{pij}ij^i, {pi}i,zi) satisfying (2.8). Indeed, it is enough to take 

Note that under the condition (2.8), we have 

(2.10) e^ft^ = e-ft^e, + e^'ft'^{pl~-K,}l 

Definition 2.4. Assume that 6 = {%}jje/ P = {{Pij}i,j&ii {Pi}i&i) satisfy the 
condition (2.8). We define the quantum algebra Ug^pi^Q) to be the quotient of J^{d,p) 
by imposing the Serre relations: 



(2.ii; 



k=0 

k (1-aij-k) (k) 



5^ (-c,A)M'""^"'^e,ef ) = {^^J). 



k=0 



Note that 



Hence there exists an automorphism ifj: f/6»,p(s) — ^ f^e,p(s) given by 
(2.12) e,^f\K7\ f,^K,e,, ^ Kr%,, 

It is easy to see that the algebra Ug^p{g) has a Q-weight space decomposition 

with A'f^ G f/e,p(0)o, ei e t/e,p(0)a,, fi e UgM-c^^■ Let U^p{g) (resp. Ugp{g)) be the 
k-subalgebra of f/6»,p(fl) generated by /j's (resp. Cj's) {i E I) and set f/°^p(0) = | 
i G /]. By a standard argument, we obtain a triangular decomposition of Ug^p{Q): 

Proposition 2.5. The multiplication on Ug^p{Q) induces an isomorphism 
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Let G be a subset of P such that G + Q C P. For each i E I, let us take a function 
Xi- G ^k.^ such that 

(2.13) x.W = X.(A + «,) = P^j XiW for all XeG, jel. 

Such a Xi always exists as seen in Lemma 2.6 below. We say that a f/6i,p(0)-module V 
is a G-weighted module if it is endowed with a G -weight- space decomposition 

AeG 

such that Ue,p{Q)aV\ C V\j^a for any a G Q, A G G and Ki\v)^ = Xj(A)idy^ for any 
A G P, z G /. 

We define Mod'^ {Ug^p{Q)), 0^{Ug^p{Q)) and 0^^{Ue^p{Q)) in the same way as in Sec- 
tion 1. The category Mod^{Ue^p{Q)) does not depend on the choice of {Xi}i&i in the 
following sense. 

Lemma 2.6. Let G be a subset ofP such that G + Q C P. 

(i) There exists {xi}i£i satisfying the condition (2.13). 

(ii) For another choice of {x'i}iei satisfying (2.13), let Mod^ {U0^p{g))' be the category 
of G-weighted Ue^p{Q) -modules with respect to {Xi}i&i- Then there is an equiva- 
lence of categories 

$: Mod^(t/,,p(0))-^Mod^(?7e,p(g))'. 

Proof, (i) We may assume that G = Aq + Q for some Aq. Then it is enough to take 
Xi(Ao + Eje/"^j"i) = Pt"^°^ UjeiPT/- 

(ii) Set 6(A) = Xi(A)Xi(A)"^ Then we have ^^(A + aj) = ii{X) and ^(A)^ = 1. For 
M G Mod'^([/e,p(g)), we define $(M) = {ip{u) \ u e M} with the actions 

Kiip{u) = (p{^i{X)Kiu), eiip{u) = (p{^i{\)eiu), fiip{u) = (p{fiu) for u G Ma. 

We can easily see that $(M) belongs to Mod*^(f/e,p(g))', and hence $ gives a desired 
equivalence. □ 

The following proposition is an immediate consequence of Corollary 2.2. 

Proposition 2.7. Under the condition (2.8), the category Mod'^ {Ug^p{g)) depends only 
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Recall that puO^i^ = pf and that if 

(p2)a., _ (^p2y,. foj. any i,j E I, 

then we can find 6 and p satisfying (2.8). 

Let us take P — )■ satisfying the condition (2.13). 

For A e P, the Verma module M^ p^A) is the P-weighted ?7e^p(0)-module generated 
by a vector u\ of weight A with the defining relations: 

(2.14) KiU\ = Xi{A.)u\, eiU\ = for all i E I. 

Then Uq p^q) Mg^p (a H- auA) is a f/g^p(g)-hnear isomorphism. 
There exists a unique maximal submodule N5i p(A) of M0 p(A) such that N0 p(A) fl 
kuA = 0. Let 

(2.15) V,,p(A):=M,,p(A)/N,,p(A). 

Then V^p is generated by which is the image of ua. If A G P"*", then V0^p(A) belongs 
to 0^^{Ug^p{g)) and we have f-'^^'^^^^VA = for any i G /. 

Conjecture 2.8. When k is a field, the representation theory of Ug^p{Q) is similar to 
that of quantum group. 

More precisely, we conjecture that 

(i) MUg^piQ)) := E,eQ(dim.t/,;p(g),)e'^ = UaeA^i^ ' e"-)— 

(ii) the category OP^(f/e,p(g)) is semisimple, 

(iii) for any A G P'^, the Ug^p{g) -module 'Vg^p{A) is a simple object in Of^^{Ug^p{Q)) and 
is isomorphic to 

UeM/Y,{UeMiK^ - x.(A)) + f/,,p(s)e, + UeMft"''^^')- 

That is, Ve)^p(A) is generated by v\ with defining relations 

KiVA = XiWvA, eiVA = 0, fi^"'^^^^VA = for all i G /. 

(iv) every simple module in Of^^{Ug^p{g)) is isomorphic to V6i,p(A) for some A G P^, 

(v) for any A G P"*", we have 

ch(V,p(A)) := ^(dim V,p(A),) e^ = i^-^" V.)n..it(.) > 
where p is an element ofP such that {hi, p) = 1 for all i E I. 
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Note that we have assumed that any pi is not a root of unity. 

The notion of quantum Kac- Moody superalgebras introduced in [KT91, BKM98] is 
a special case of f/g.plfl)- We will show that our conjecture holds for such algebras 
(Theorem 4.16). Our proof depends on their results (Corollary 4.3). 

Now we will prove the [/e,p(0)-version of [KMPY96, Proposition B.l] under the con- 
dition (2.8). We assume that the base ring k is a field and that any of Pi is not a root 
of unity. We say that an J^{6, p)-module M is integrable if 

(i) M has a weight decomposition 

M= 0Ma 
AeP 

such that J^{9,p)aMx C Mx+a and Kflu^ = pf'^'^^idM^, 

(ii) the action of Ki on M is semisimple for any i, 

(iii) the actions of Cj and fi on M are locally nilpotent for all i & I. 

Proposition 2.9. Let M he an integrable J^{6, p) -module. Then M is a Ue^p{g) -module. 
That is, the actions of ei and fi on M satisfy the Serre relations in (2.11). 

We begin with the following lemma. 

Lemma 2.10. Let M be an integrable J-" {6, p) -module. Fixi G / and letip be a k-linear 
endomorphism of M. Suppose that ip satisfies the following conditions: 

(a) if is of weight fi; i.e., (p{M\) C Mx+^ for any A G P, 

(b) eiif = apei for some c G . 
Then {hi, fi) < implies ip = 0. 

Proof. By Proposition 2.1, we may assume that On = 1. Let Si be the operator defined 
by Si\Mx = Pi ^^^''^^ KiidMx- Then Sf = 1 and the algebra generated by e^, ftSi, KiSi is 
isomorphic to t/g(s[2). Hence we can reduce our statement to the one for integrable 
f^g(5l2)-niodules. 

Recall that any integrable f/q(s [2) -module is semisimple and generated by the vectors 
killed by fi. 

Hence it is enough to show that ip{Uq{3\.2)v) = for any v G Mx with fiV = 0. Set 
m = -{hi, A) G Z>o. Then ef+^i; = and hence +V(^) = c"^+V(er^^w) = 0. 

On the other hand, setting n = —{hi,fi) > 0, the map e^"*"": Ma+^ — )■ Ms.(^x+fi) is 
bijective. Hence e^^'^(p{v) = implies ipiv) = 0. Therefore we obtain ip{e^v) = for 
any k. □ 
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Proof of Proposition 2. 9. Let us denote by Sij the multiplication operator on M by 
Yl!kJo' {-(^ij^^Ji^Y fi'"'''''^'' fjfT^ ■ Then has weight yu = -{l-aij)ai-aj. Moreover, 
CiSij = cSijCi for some c G by Proposition 2.3. Since {hi, (x) = —2(1 — a.jj) — Oij = 
—2 + Oij < 0, we have S^j = 0. . □ 



3. The algebra U-^~{q) 

In this section, we introduce another generalization of quantum groups. Let 9 := 
{9ij}i j^j and p := {pijie/ be families of invertible elements in the base ring k such that 
1 — is invertible for any n G Z>o- We define 'H(^,p) to be the k-algebra generated 
by ej, /j, K^^ with the defining relations 

(3-1) ~ _ 

-L Pi 

Then there exists an anti-isomorphism 

(3.2) n{9,v)^nCe,p) 

given by 

^ fit fi ^ Ci; I— > Ki, 

where {^9)ij = 9ji. 

We embed k[^f ^ Me/] into k[Kf^ \ i e I] hy Ki = Kf . If = jf^ for i,j G /, 

then 7i{9,p) (g) l^l-^i''"'^ M ^ /] has a ring structure given by 

ik[i^±^| iei] 

KiCjK-^ = PijCj, KifjR-^ = p-^fj. 

Proposition 3.1. Let 9:={9ij}ij(zj andp: = {{pij}ij(zj, {pi}i^j) be families of invertible 
elements in k such that 

(3.3) 0,, = 9,,pTl, t^^=pI^, p, = pI 
Then we have a k-algebra isomorphism 

(p:n{9,p) _® k[K^' \ ieI]^J^i9,p) 

k[x±i|ie/] 

given by 

Ci ^ Pi^Pii CiKi, fi^ fi, Ki^ Ki {ie I). 
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Proof, we have 

<Pieifj - Ojifjei) = p~^Pii{eiKifj - OjiPilfjCiKi) 
= Pi^PiiP^^ieifj - 0jifjei)Ki 

Pi Pi Pi ^ ^ Pi 

which proves our claim. □ 
If (2.8) and (3.3) are satisfied, then we have 

(3.4) =p7'^'^ and On = pr\ 
which imphes 

(3.5) p,'^- = 



Conversely, if the family {pi}i^i satisfies (3.5), then we can find {dij}i,j£i satisfying 
(3.4). 

Let 9 = {6ij} and p = {pi} be families of elements in satisfying (3.4). Set 

(3.6) (n)f:=— 4, (n)f ! := J] (^)f , e<"> := er/(n)f !, = /?/Mf !• 

^ k=i 

Then under the condition (3.3), we have 

(^)f = PrNr and (n)f!=pr^"-^)/^Mf!. 

Hence we have 

/■(") _ „^("-l)/2 ^<n.> 

Take pi Ek^ such that = Pi and set 

(3.7) pij = p1'' and % = Oijp'^- 
Then (2.8) and (3.3) hold. Since we have 

p{l—aij — k) p p{k) —(l—aij)aij/2—k{l—aij — k) j.<l-aij—k> „ £<k> 

Ji JjJi ~ Pi h JjJi 
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and 

/_ ^^uk -[l~aij)a,j/2~k{l-aij-k) 
\ ^ij^ji I Pi 

_ (_„ Q-l^-Uk -{'^-a.ij)a,j/2-k[l-a,j-k) 

— \ ^tj^ji Pij ) Pi 

I n-l-"-io\k-{'^-aij)aij/2-k{l-a,j-k) 
= {-fji Pi > Pi 

— (^ft \-fc~fc(fc-l)/2 -(l-ay)ai,/2 

— V ^ji) Pi Pi ) 

Proposition 2.3 implies that 

k=0 

quasi-commutes with e^'s for all k (i.e., CkS'^j G k^SljCk). Hence by applying the anti- 

l-^ij ^ <1 a fc> 

involution (3.2), we see that ^ {—6ij)~'^pi'^^''~^^/'^ef^^eje^ quasi-commutes 

fc=0 

with all the e^'s. 

Definition 3.2. Assume that 9 and p satisfy the condition (3.4). We define the 
quantum algebra to be the quotient of 'H(^,p) by imposing the Serre relation: 

(3.8) 

1 Llij 



J2 (-%)-'p.'('-^)/^e<^>e,e<^--^-'=> = (z ^ 



J J 



fc=0 



We can see that the algebra Wg-~(g) has a Q- weight space decomposition 



%(0) = e KedQ)a. 

Let U~J^q) (resp. U~J^q)) be the k-subalgebra of Ufj~{Q) generated by the /j's (resp. 
the Cj's) {i E I) and set U~^{q) = k[Kf^ \ i E I]. By a standard argument, we have: 

Lemma 3.3. The multiplication on IAq~{q) induces an isomorphism 

Note that we have an algebra isomorphism: 
(3.9) ^5^(0) ^ U^M- 
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For a subset G of P such that G + Q C P, a Ug ~{g)-module V is called a G-weight 
module if it is endowed with a G-weight space decomposition 

AteG 

such that Ug~{Q)aVfj_ C V^+a and Ki\v^ = pl'^'^^idy^ for any a G Q and ^ E G. We define 
the categories Mod'^(Wg ~(g)), 0^{Uq~{q)) and C'intl^e p(0)) ^'^^ same manner as in 
Section 1. The following proposition is an immediate consequence of Proposition 2.7 
and Proposition 3.1. 

Proposition 3.4. Assume that 9 := {^ijjije/, p := {Pi}iei, 6 := {^jije/ ^'^'^ P • = 
i{Pij}i,j&ii {Pi}i&i) satisfy (3.3) and (3.4). Then the following statements hold. 

(i) The relation (2.8) is satisfied. 

(ii) r/iere ea;ist equivalences of categories 

Mod^(W^~(0)) Mod«(f/,,p(g)) and 0|^t(W^,p(0)) ^ C?mt(f/e,p(s))- 

(iii) The category Mod'^(Wg-~(g)) depends only on the parameters {'Pi}iei satisfying 

■ — 0.7 Ob 4 j 

Pi ' =P/ ■ 

Let U0^p{Q)[Ti I z G /] be the algebra obtained from t/e,p(0) by adding the mutually 
commuting operators Tj (i G /) with the multiplication given by 

(3.10) T,e,Tr^ = %e„ TJ,T-' = 9;^ f,, T,K,Tr^ = K, for any j G /. 

We will introduce another kind of algebra that acts on f/g~p(s) and 1^~^{q)- We first 
prove: 

Lemma 3.5. For any P G Uff^^Q), there exist unique Q, R E Ug^^{g) such that 

(3.11) e.P - {Tr^PT,)e. = (T-'QTi)K, - R-^R _ 

Pi-P^ 



Proof. The uniqueness follows from Proposition 2.5. Using induction on the height of 
P, it is enough to show (3.11) for fjP assuming (3.11) for P. If (3.11) holds for P, 
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then we have 

= {ej, - iTr'm)e,) P + (Tr^f^T,) {e,P - iTr^PT,)e,) 

(3.12) . + (^I^^^M^ 

' Pi-Pi Pi- Pi 

{T-'fjQT, + 6ijKiPK7')K, - K7\e,ipr^f,R + 5,,P) 



Pi - 



□ 



We define the endomorphisms e'j and e* of Ugp^o) by 

e:(P) = i?, e*(P)=g. 
Assume that 6 and p satisfy (3.3). Then by Proposition 3.1, we have 

(3.13) f/-p(0)^Wr^(0) 

and hence we may also regard e'j and e* as endomorphisms of U~^{q). Note that fi can 
be regarded as an operator on Ugp^o) given by left multiplication. Thus we have the 
following relations in End(?7g'p(0)) ~ End(W~_(g)) as is shown by (3.12): 

(3.14) e\f, = e,^f,e', + 5.,, e* f, = f,e* + 6,, AdiT.K,). 
More generally, we have 

Lemma 3.6. For a, b G Ug'p{Q), we have 

e[{ab) = {4a)b+{Ad{Tr^K,)a)e:b, 
e*{ab) = {e*a){Ad{TjQb) + ae*b. 

Proof. We have 

[dab - Tr^abTid) = (e^a - T'^^aTiC-^b + Tr^aTi [db - Tr^bTid) 

T-\e*a)TiK, - Rr^e'fl ^ _^^ Tr\e*b)T,Ki - K.'e[b 

Pi-Pi^ ' ' Pi-Pi^ 

Tr\e*amKfiT-'Kr^)K, - Kr\e',a)b 

Pi - Pi^ 

T-\{e*b)T,K, - K7\K,Tr^aT,K7^)e',b 
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which proves our assertion. 



□ 



RecaUing fty = = (^ji'P^-, we obtain 



Using induction on n, we obtain 



(3.15) 



Definition 3.7. We define the quantum boson algebra Bq~{q) to be the k-algebra 
generated by e'j, fi {i G /) satisfying the following defining relations : 



(3.16) 



fc=0 

V—aij 



fc=0 



1 - ai 
k 

1 - at 

k 



1 p 



fl—aij—k„/ Jk 



Note that 
Bte_p(0) given by 



1 - fli 



G Z[pf,p. There is an ant i- isomorphism Bg~(0) f-)- 



(3.17) 



e- ^ /i, /i ^ e'i, where 



Proposition 3.8. The algebras Uq^{q) and U~^{q) have a structure of left Bg-~(0)- 
modules and they are isomorphic as ^^^-{q) -modules. 

Proof. We have only to verify the second relation in Definition 3.7. For i ^ j and 
h:=l — aij, let 



n=0 
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where Xn 



l-b\ 



n 



1 p 



n 



. It is enough to show that S quasi- 



commutes with all the f^s as an operator on Uq^{q). We have 

l—nr^Tp/b-nf /n—1 



an 



ki 



Using 6 a = ^, we have 



Sfk = ^ki^kjfkS + Skj ^n^ji 



tb 



n=0 
6 

n=0 

The second term vanishes since 

b 

TP r 5 TP 

n + 1 



n=0 



Since 



n=0 



-Pi 



0. 



term is equal to 



[ra + 1]^, the coefficient of e'^ ^ ^^'j^T ^^e third 



l-b\n 



vu^ p 



n 



e.,p\r'^-\b - + {-e,,pr) 



l~b\n+l 



■ h 

n + 1 



n p 



as desired. 



□ 



The following lemma will be used when we prove that, if the base ring is a field, then 
f/g"p(g) is a simple Bg ~(0)-module in the case of quantum Kac- Moody superalgebras. 



Lemma 3.9. Fori,j G /, we have 
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Proof. Set S = e[e* — e*e[. It is enough to show that S quasi-commutes with fk for 
any k E I. The relation (3.15) yields 

e',e*h = e[{fke* + S,,kAd{T^Kj)) 

= Okifke'iC* + 6i^ke* + dj^ke'i Ad{TjKj). 

e*{9kifke'i + Si^k) 

Oki{fke* + 5j^kAd{TjKj))e[ + Si^ke* 
Okifke*ei + Sj^kOji Ad{TjKj)e'i + 5i,fce". 

OijPjic'i = Gji'^'i, we obtain 

Sfk = djk^kifkS. 

□ 

Proposition 3.10. Suppose that the following condition holds: 

If P e t/0~p(g) satisfies CiP G Ug p{Q)ei for all i G /, 

(3.18) 

then P is a constant multiple of 1 . 

Then any Q-weighted B^~{g)-submodule N of Ugp{g) vanishes if N nk = 0. 

Proof. Suppose fl k = 0. It is obvious that any non-zero Bg-~(0)-submodule of 
Uffpi^Q) should have a non-zero highest weight vector with respect to the action of e'j 
for all i G /. Hence it is enough to show that a highest weight vector u of weight a ^ 
vanishes. We will show this by induction on the height |a| of a. If a = — then 
u = /j up to a constant multiple, and it is not a highest weight vector. Assume that 
|a| > 2. Then e*u is a highest weight vector by the preceding lemma. By induction 
hypothesis, we have e*u = which implies CjU G Ug^p{Q)ei. Then by our assumption, u 
must be a constant multiple of 1, which is a contradiction. □ 



Similarly, we have 

e*e'Jk = 



Since we have Ad{TjKj)e'^ = 



SUPERCATEGORIFICATION OF QUANTUM KAC-MOODY ALGEBRAS II 



29 



4. Quantum Kac-Moody superalgebras 

In this section, we show that quantum Kac-Moody superalgebras arise as a special 
case of the algebras Ue^p{g) and we study their structure and representation theory. 
We first recall the definition and their properties following [BKM98]. 

4.1. Quantum Kac-Moody superalgebras. A Cartan superdatum is a Cartan da- 
tum (A, P, n, n^) endowed with a decomposition I = /even U -^odd of I such that 

(4.1) ttij G 2Z for all i G /odd and j G /. 

For a Cartan superdatum (A, P, 11, 11^), we define the parity function p: / — ?> {0, 1} by 

p{i) = 1 Hie /odd and p(i) = if i G /even- 
We extend the parity function on /" and Q"*^ as follows: 

n r r 

p(i^) := ^p(i^fc), p(/3) :=^p(zfc) for all z/ G /" and /3 = ^tti^ G Q+. 

k=l k=l k=l 

We denote by Peven := {A G P | (/i^. A) G 2Z for alH G /odd} and P+„^ := P+ n Pevcn- 

Let TT be an indeterminate with the defining relation tt^ = 1. Then we have Z[7r] = 
ZqZtt. Let ^/7l be an indeterminate such that (a/vt)^ = ^- Hence Z[y^ = ZsZ-^tF© 
Ztt © Z(y^)^-'^. For a ring R, we define the rings /?^ and /?^ by 

(4.2) /2^ :=/?©Z[7r] and /2^ := /?® Z[v^]. 

For each i E I, set tTj := vr^^*) and choose y/iii G Z[y^] such that (A/vfi)^ = VTj. 
Note that we have four choices of The element may not be contained in Z[7r] 
but Y^"'" ^ Z[7r]^ because y^ = ±1 or ±7r for i G /even and G 2Z for i G /odd- 
Throughout this section, we fix a choice of ^/^fi. 

Let q be an indeterminate, and set 

(4.3) A = Z[q,q-% q, = q''^, [n]J = [nl^^^ ^-r = ^ forn G Z>o. 



We define [nlf ! and 

^ ^ [m 

Hence we have qi = qj ■ 



in a natural way. Recall that dj G Z>o satisfies djaj,- = dja 
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Let k = Q{q)^. The quantum Kac-Moody superalgebraVKo) is the k-algebra Ue,p{g) 
with 

(4.4) Pi = qiy/T^i, Pij = qT'^ 9ij9ji = l, 9ii = 7ri. 

Note that 9 := {%}j,je/ and p := {{pij}ij^i, {pi}i^j) satisfy the condition (2.8). We 
have y/Wf'^''^ = 1 and hence = qf'^'^ . Hence, by multiplying by a constant, the 
explicit description of the algebra U^(0) can be given as follows: 



Definition 4.1 ([BKM98, Definition 2.7]). The quantum Kac-Moody superalgebra 
Ug(0) associated with a Cartan superdatum (A, P, 11, 11^) and 9 is the algebra over 
k = Q(g)^ generated by e^, and Kf^ {i G /) subject to the following defining 
relations: 

K — 

g.f. _ e-fe- = S- — ^ 



E = (z ^ j), 

fc=0 

X; (-%)'=vrf^ef---'^>e,ef > = (. ^ j). 



fc=0 

where //" ^ = /r/[n]-! and ef ^ = e^/[n]V.. 

We recall some of the basic properties of highest weight Ug(g)-modules proved in 
[BKM98]. We denote by V^(A) = Ve,p(A) the U^(s)-module defined in (2.15). Choose 
Xi such that XiW = pf'"'^^ for A G Pcven- Then, we have 

KiU = p'f'^'^'^u = Ciqf'"^''u for all A G Peven and m G Va, 

where q := y/TLi^^"''^^ satisfies = 1. Hence the notion of weight space in this paper 
is the same as the one in [BKM98] for Povcn-weighted Ug(g) -modules (after applying 
the automorphism Ki H- CiKi, Cj i— )■ Qej). However, the notion of weight spaces in 
[BKM98] is different from ours when the weights are not in Pcven- (See also Section 
8.5.) 

Theorem 4.2 ([BKM98, Theorem 4.15]). 
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(a) For A G P^en; UKq) -module Vg(A) is generated by a highest weight vector v\ 
with the defining relations: 

(4.5) K,t;A=pf"^>^A, e,VA = 0, /f V = for all i el. 

(b) We have {u G V^(A) | CiU = for any i G /} = kv^. 

(c) The category Of^^^""^ {C{q) (8> Ug(g)) is semisimple and every simple object is iso- 

Qii) 

morphic to Vg(A) / {^/^T — c)Vg(A) for some A G Pctcii '^^^ c G C snc/i t/iat = 1. 

(d) For A G Pctcit weight spaces o/U^(g)" and Vg(A) are free k-modules, and their 
ranks are given by 

ch(Uj(s)-):=5^(rankQ(^)^U^(0),)e^= J] (1 - e"" 

ch(V,,p(A)) := $:(rank^(,).. V^(A),) e'^ = Jf-^^^ ^J ,,.^, , 
MSP IW+U e ) 

where p is an element ofP such that {hi, p) = 1 for all i E I , 

The following corollary will play a crucial role in studying the representation theory 
ofU^(g). 

Corollary 4.3. We have 

{a G Ug(0)^ I Cia G UHojCi for any i e 1} =k. 

Proof. We may assume that a is a weight vector of weight different from 0. Then, 
we have av/<^ = for any A G P^cn t>y Theorem 4.2 (b). Hence, a belongs to 
J2iei U9,pid) fi^^''"^^ for any A G P+^n, which implies that a = 0. □ 



4.2. The algebra U(g). Now we will take another choice of 6 and p satisfying (2.8) 
(4.6) Pi = qiy/nl, pij = p"'', % = 



v^"^" if z ^ J, 
1 ifi = j 



Note that % G Z[ir] and 9^ = 1. 

We denote by U(g) the k-algebra Uo^p{g) for this choice. The explicit description of 
the algebra U(g) is given as follows. 
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Definition 4.4. The algebra U(g) associated with a Cartan superdatum (A, P, 11, H^) 
is the algebra over k = Q{q)^ generated by Cj, fi and Kf^ {i G /) subject to the 
following defining relations: 

Ki — 

Gifj - OjifjCi = 6ij— ^ G /), 

Pi- Pi 



(4-7) ^ ^_ o__^kfil-aij-k) ^ _f{k) 

k=0 

i 

_ \k^('^-o.ii-k) ^ ^(k) 
k=0 

where f^^"^ = ft/[kp- and ef ^ = e'l/[kf 



fe=0 



H 



Let U~(g) (resp. U"'"(0)) be the k-subalgebra of generated by the /j's (resp. 
the Cj's) and let U°(g) be the k-subalgebra generated by the Kf^'s {i E I). We choose 
Xj(A) = pf^"'^^ to define Mod'^(U(g)). By Corollary 2.2 and Proposition 2.3, we have 

(4.8) V{q)[P,Q,R]c^U;{q)[P,Q,R]. 

Hence the triangular decomposition of Ug{g) and Theorem 4.2 imply the following 
corollary. 

Corollary 4.5. 

(i) The algebra U{q) has a triangular decomposition 

U(s)^U-(s)®U°(g)®U+(0). 

(ii) ch(U"(s)) = n (1 " e-c.)-mult(a)_ 

a6A+ 

(iii) We have {a G U~(0) | e^a G U(0)ei for any z G /} = k. 

(iv) There is an equivalence of categories Mod^(Ug(0)) ~ Mod^(U(0)). 

Let B(0) be the algebra Bg-~(0) given in Definition 3.7 with 

(4.9) % = 7rf-g-("'l"^), Pi, = (^^^ Pi = q^Tr,. 
The explicit description of B(g) is given as follows. 
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Definition 4.6. The quantum boson algebra B(g) is the associative algebra over k 
generated by e^, {i G /) satisfying the following defining relations: 

p 

i 
P 

Note that B(0) has an anti- automorphism given by e'^ ^ fi, fi ^ e'- (z G /). By 
Proposition 3.8, Proposition 3.10 and Corollary 4.5, we have the following proposition. 

Proposition 4.7. Suppose N is a Q-weighted B{g)-submodule of such that 

iVnk = 0. Then N = 0. 

Let El := {pi — p^'^)^^e[ and E* := {pi — p'^^)~^e* {i G I). Then we have 

(4.11) e,P - {Tr'PT,)e,, = {Tr'E:{P)T,)K, - Kr^E[{P). 

The same argument as in [Kash91, Lemma 3.4.3, Proposition 3.4.4] shows that there 
exists a unique non-degenerate symmetric bilinear form on U~ (g) satisfying 

(4.12) (1,1) = 1, {E[P,Q) = {PJ\Q), (E; P, g) = (P,Q/,) for zG/,P,QgU-(0). 



(4.10) 



fc=0 



1 - aij 



k=0 



4.3. Representation theory of U(g). In this subsection, we show that the category 
^kLt(U(s)) of integrable U(0)-modules is semisimple. We first construct the quantum 
Casimir operator which is the key ingredient of our proof. The main argument follows 
those of [Kac90, Chapter 9,10] and [Lus93, Chapter 1]. Note that, in the present case, 
we take k = Q(g)^. Moreover, we have Of^ = On = 1 and hence the automorphism if) 
of U(0) introduced in (2.12) is given by 

(4.13) e,^UK-\ f,^K,e,, ^ K-\ 

Recall that the operators Tj introduced in (3.10) become 

7^6,771 = %e„ T,f,Tr' = ej^f„ T,K,Tr' = K,. 

In this case, we have = 1. 
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Lemma 4.8. Let : A — Q"*" -> {i E I) he a family of maps such that 

ai{fi-aj) ^ aj{fi-ai) 

for all fi E X — and i,j G /. Then there exists a unique map \l/ : A — Q"*^ — ?■ such 
that 

^(A) = l, = ai(/i)-^*(/i). 

Proof. We shall define \E'(A — /3) for /3 G Q"*" by induction on such that 

^'(A - (3) = ai{\ - (3 + ai)~^^!{\ - /3 + Oj) whenever /3 - G Q"^. 

It is enough to show that the right hand does not depend on i. Assume that i ^ j and 
/3 — «j, /3 — aj G Q"^. Then (3 — ai — aj G Q"*^. By the induction hypothesis, we have 

= ai{X — /3 + ai)^^aj{X — (3 + ai + aj)~"'^\E'(A — (3 + ai + aj), 

and 

aj{\ - (3 + aj)"^^'(A - (3 + aj) 

= aj{X — f3 + aj)~^ai{X — (3 + + aj)~"'^\E'(A — (3 + ai + aj). 
By our assumption (4.14), the above two quantities coincide. □ 
For i E I, define Oj: — k as follows: 

■■=11^;Pp7^'''^^ for (3 = Y^m.a,. 

Then we have 

By Lemma 4.8, we have a map \& : — ?■ k satisfying 

(4.15) ^(0) = 1 and ^(/3 - ai) = ai(/3)"^^(/3). 

We take a Q-homogeneous basis {A^} of U"(g) and its dual basis {A^} with respect 
to the non-degenerate pairing in (4.12). Then we have 

(i) J2 ^'^ ® = E ® E ® = E ® ^- 

(4.16) V u u u 

(ii) ^ a;/, ®A, = Y,A^® ElA,, f^^'^ ® = E ^> 
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Proposition 4.9. Let M G 0^(IJ{q)) and set $ = $(wt(A^))A'^V'(A^) as a U(s)- 
module endomorphism of M, where ip is the automorphism in (2.12). Then we have 

e,^ = ^Kfe,, $/, = f,^K^ for all i G /. 
Proof From (4.11), (4.12) and (4.16) (i), we obtain 

V V 



(4.17J]; (e,A; ® A,-{T-'A'^Ti)K, ® AJ^) =J2 {iTr'KTi)ei ® A,-Kr^A, ® f^A,). 



We define a map qi : U~(0) ® U^(g) — )■ U(g) given by 

a®h\ — ^ ^(/3)aV^(6), where 6 G U"(g)/3. 
Applying qi, the right-hand-side of (4.17) vanishes by (4.15) as can be seen below: 



5];^(wt(A,))(7;^M',T,)e,V^(A,)-^^(wt(A.) -ai)K;^A!^K,e,ij{A,) 

V V 



where wt(A,^) = ^mjoj. 

The first term of the left-hand-side of (4.17) is equal to ej$ and the second term is 
equal to 



V V 

= J2 ® {Tr'A,T,)K, - f^A', ® Kr^A,. 



Thus 
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By applying x®y ^ x <^Tf^ip{y)TiKi, (4.19) becomes 

= J2 ® ^(^.) - UK ® Tr^K,4j{A,)T,K,. 

V 

Thus we have 

^ NJ, ® ^(A,) - A', ® Tr^fiK-^^{A,)T,Ki 

(4.20) 

= UK ® Tr^K,ij{A,)T,K, - A', ® ^(A,)/,. 

V 

Define a map Q2: U~(0) ® U~(g) — )■ U(g) by 

a® 6 I — >^{fi)ah, where a G U(0)^. 
The left-hand-side of (4.20) vanishes after applying q^'- 

J2 *(wt(A.) - a,)A'J,^{A,) - J2 *(wt(A.)) n e";^ pf'-^'^^-^^U'JMA.) = 0, 

and the right-hand-side of (4.20) becomes 

(j2 ^(wt(A.) - a,) n 9~r'pt''~^''^'^^Kmu)] - = U<^Kf - 



3 



which completes the proof. □ 
Define an operator S on M G 0^(\J{g)) such that 

where t : P — > {1, tt} is a function satisfying 



t{X - ai) 

By Lemma 4.8, such a function t uniquely exists up to a constant multiple on a Q-orbit 
in P. We define the quantum Casimir operator oi U(g) by: 
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Theorem 4.10. For any M E 0^(\J{g)) and i E I , we have 

Qei = eiQ and Qfi = fiQ 
as \J{q) -module endomorphisms in M. 
Proof. For u E M\, 

On the other hand, 

EciU = t{X + ai)g(^+"'+''l^+"»+^)-(''l'')eiU = t(A)7rf '•^+"'^g(^+"»+^l^+°^+'')-(^l^)eiU 
Since 

(A + fti + p|A + cti + p) - (pIp) = (A + p|A + p) - (pIp) + 2dj(/ij, A + a^), 

we have KfciE = Eci, which imphes ei($H) = ^KfciE = ($S)ej. 

The assertion for /j can be obtained in a similar way. □ 

Definition 4.11. Let F be a U(g)-module in 0^{\J{q)). A vector f G is called 
primitive if there exists a U(0)-submodule U in V such that 

v^U and V+{g)v E U. 

In this case, p is called a primitive weight. 

The following corollary immediately follows from Theorem 4.10. 

Corollary 4.12. 

(i) If V is a highest weight \J{g) -module with highest weight A, then 

n = t(A)g(^+''l^+'')-(''l'')idy. 

(ii) If V is a \J{g)-module in 0^(U(g)) and v is a primitive vector with weight A, 
then there exists a submodule U G V such that v ^ U and 

n{v) = t{A)q^^+P^^+P^~^''^''^v mod U. 

Let us take a ring homomorphism — )■ C and change the base ring from Q{q)^ to 
C(g). We then consider U{q) as an algebra over the field C(g). For the choice of 6 and 
p given in (4.6), we denote by M(A) = M6i^p(A) the Verma module and V(A) = V6i,p(A) 
the simple head of M(A) over U{q), respectively. 
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Lemma 4.13 (cf. [Kac90, Lemma 9.5, Lemma 9.6]). Let V be a non-zero \J{Q)-module 
in the category 0^{\J{q)). 

(a) If > t] implies fJ^ = rj for any primitive weights fi andrj ofV, then V is completely 
reducible. 

(b) For any A G P, there exist a filtration V = Vt D Vt-i D ■ ■ ■ D Vi D Vq = and a 
subset J C {1, . . . , t} such that 

(i) if j e J , then Vj/Vj-i ~ V(Aj) for some Xj > X, 

(ii) if j ^ J, then (Vj/Vj-i)^ = for every fi > X. 

By Corollary 4.5(a), we have 

(4.21) ch(M(A)) = e^ Yl ' e-")-"'"^*^"). 

Proposition 4.14 (cf. [Kac90, Proposition 9.8]). Let V be a U(Q)-module with highest 
weight A. Then 

(4.22) ch{V) = tAch(M(A)), where tx G Z, U = 1- 

A<A, 

(A+p|A+p)={A+p|A+p) 

Proposition 4.15 (cf. [Kac90, Proposition 9.9 b)]). Let V be a \J{q) -module in the 
category 0^{\J{q)). Assume that for any two primitive weights X and fiofV such that 
X — fi = P E Q"*" \ {0}, we have 2(A + p|/3) ^ (/3|/3). Then V is completely reducible. 

Proof. We may assume that the U(g)-module V is indecomposable. Since VL is locally 
finite on V , i.e., every v eV is contained in a finite-dimensional fi-invariant subspace, 
there exist e G {0, 1} and a G Z such that ^2 — Tr^g'^Id is locally nilpotent on V . Thus 
Corollary 4.12 (b) implies (A + p|A + p) = (/i + p|/i + p). Our assertion follows from 
Lemma 4.13 (a). □ 

As in [Kac90, Chapter 3, 9], one can prove that ch(V(A)) is ly-invariant. Thus we 
have the following theorem. 

Theorem 4.16. Let V(A) be an irreducible \J{q) -module with highest weight A G P^. 
Then the following statements hold. 

(a) ch(V(A)) = ^^gH.;^^^^ 

(b) V(A) is generated by a vector v\ with the defining relations: 

KiVA = pf ""^^wa, CiVA = 0, ft^'^^^^Vf, = for all i G /. 
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(c) The category Of^^{U{Q)) is semisimple and every simple object is isomorphic to 
V(A) for some A e P+. 

Proof. The proofs are similar to those of [Kac90, Theorem 10.4, Corollary 10.4, Theo- 
rem 9.9 b)]. □ 

As an immediate corollary, we obtain: 

Theorem 4.17. Conjecture 2.8 is true if the following conditions are satisfied. 

(a) (A, P, n, n^) is a Cartan superdatum, 

(b) the base field k is of characteristic 0, 

(c) q is algebraically independent over Q, 

(d) there exists e = ±1 such that paO^^^ = g("»l"»)eP(*) for any i E I. 



5. The algebra U{g) 

In this section, we introduce an algebra U (g) corresponding to a Cartan superdatum, 
which is directly to our supercategorification theorems via quiver Hecke superalgebras 
and their cyclotomic quotients. Throughout this section, we take k = Q(g)'^. 

The algebra U{q) is the k-algebra Wg-g(g), where 9 and p are given by 

(5.1) F. = g^., % = ^,, = 7rP«P(^)gr-. 

The explicit description of the algebra U{q) is given as follows. 

Definition 5.1. The algebra U{q) associated with a Cartan superdatum (A, P, 11, 11^) 
is defined to be the algebra over k = Q{qY generated by e^, fi and Kf^ (i E I) subject 
to the following defining relations: 



ej, - vrP(*)P(^)gr-7,e. = S.,^—^ (z, j E /), 

l-a; 



1 - 

(5-2) >r— ^p(i)p(j)\k^^^^^^ r{l-a,j-k} r n{k} 



J2 (-7rP«P(^))V,-^//^--^-'=V,/f ^ = (^ ^ j) 



k=0 



1— O; 



'3 



fc(fc~l) 



k=0 



where //"^ = /f/Mp and ej"^ = e^/[n]7!. 
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Note that U{g) has an anti- automorphism given by 

(5.3) e, /, Kf^^KfK 

For A G P"*", let V(A) be the P-weighted W(0)-module generated by v\ of weight A with 
the defining relations given by: 

(5.4) i^,t;A = (gfvr,)^'^-^)^;^, e,t;A = 0, /f = for alH G J. 

We define the subalgebras W~(0), U^{q) and U'^{q) in the same way as we did for 
Ue^pi^O) in Section 2. 

Then, by Theorem 4.16, we obtain the following results. 

Theorem 5.2. 

(i) The Q{qY -algebra U{q) has a triangular decomposition 

W(0) ~W-(0)®WO(0)®W+(g). 

(ii) ch(W-(g)) = n ~ g-«)-muitH_ 

(iii) For A G P+, if a U{Q)-suhmodule N ofV{A) satisfies N (1 kvA = 0, then N = 0. 

(iv) There exist equivalences of categories 

ModP(Q(g)^ ® W(g)) =.ModP(U(s)), Oi,{Q{q)^ ® U{g)) ^ OUV{g)). 



(v) The category (9?^-(W(0)) is semisimple and every simple object is isomorphic to 



V(A)/(7r - e)V{A) for some A G P+ and e = ±1. 
For i & I , c ^ Z and n G Z>i, we define 
(5.5) /x\\^Al-x(g^.)^-; 

In particular, when n = 1, we have 



^ifi Qi ^ifi(^i- 



1 A 1 - 

Define the K^-form UA-^{g) of to be the A'^-subalgebra of U{g) generated by the 
elements e|-"\ fi^\ Kf^ for z G /, n G Z>o. We denote by W^,r(0) (resp. U'^-^{q)) 
the A'^-subalgebra of V{a^{q) with 1 generated by e^"'^ (resp. //"^) and by W°^(g) the 

A'^-subalgebra of Ua^(q) with 1 generated by Ki and ( ; for i G /, n G Z>o. 

\ A 

By a direct computation, we have the following lemma: 
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Lemma 5.3. For i E I and n, m E Z>o, we have 

gMjW^ ^ ^-A:(fc-n.-m+l)^^2^.^fc(fc+l)/2-nm.j{m-fe}^{n-fc} /(^'j^TTj)" ™Aj 
Q<k<n,m ^ 

As an immediate consequence of Lemma 5.3, we have a triangular decomposition of 
Lemma 5.4. The homomorphism 

(5.6) U^^ (s) (g)A- W^vr (g) ® A, (fl) Wat (g) 

induced by the multiplication on h({Q) is surjective. By tensoring with Q, we obtain an 
isomorphism 

Q ® (Wat (fl) (g) ® A- (g)) ^ Q ® Wa- (g) . 

We will see that U^n{Q) is a free A'^-module (Corollary 8.15) and that (5.6) is an 
isomorphism. 

The following proposition easily follows from Theorem 5.2. 

Proposition 5.5. Let A G P^. Then there exists a unique non- degenerate symmetric 
bilinear form { , ) on V(A) such that 

(f A, va) = 1, {eiU, v) = {u, fiv) for all u,v e V(A), i e L 

We introduce two A'^-forms of V(A) by 

(5.7) Va^(A) =WA-(g)t;A and Va^(A)^ = {u e V(A) | (^/,Va^(A)) C A^} . 
Note that we have an isomorphism 

"flviie)- '■ Ue(s)" ^W"(g). 
By Proposition 3.10 and Corollary 4.3, we have 

Proposition 5.6. If P & ^ (g) satisfies e[P = for all i ^ I, then P is a constant 
multiple of 1. 

Applying the arguments given in [Kash91, Lemma 3.4.3, Proposition 3.4.4], we obtain 
the following proposition immediately. 



/ 1 
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Proposition 5.7. There is a unique non- degenerate symmetric bilinear form { , ) on 
U~{q) such that 

(5.8) (1,1) = 1, {P,m = {e',P,Q) forallzeI,P,QeU-{g). 

We define the dual -form of U~{q) to be 

^^.(g)^ := {u G U~{q) I (m, Wa-(0)) C a-}. 

6. Perfect bases 

In this section, using the notion of strong perfect bases, we prove a theorem that 
characterizes Va'^(A)^. 

Let V = ^xeP be a P-graded Q(g)''-module. We assume that 

(i) there are finitely many Ai, . . . , As G P such that 

s 

wt{V) :={i^eP\V,^0}c |J(A, - Q+), 

1=1 

(ii) for each i G /, there is a hnear operator Ci : V ^ V such that c^Va C Vx+ai- 
For any v & V and i G /, we define 

min{n G Z>o | e^+^t; = 0} if ^ 0, 
— oo if ?; = 0, 

(b) := {v eV \ Eiiv) <k} = Ker for A; > 0. 

Definition 6.1 ([BeKa07, KOPlla]). (i) A Q(g)^-basis 5 of V" is called a perfect 
basis if 

(a) B = U^ewt(v) where B^:=Bn V^, 

(b) for any b & B and z G / with ej(6) 7^ 0, there exists a unique element in B, 
denoted by ei{b), satisfying the following formula: 

e,b - c,{b) e,(6) G V^'-'-'^-' for some G (Q(g)")^ 

(c) if b,b' e B and z G / satisfy ei{b) = ei{b') > and 6^(6) = ei(fe'), then b = b'. 
(ii) We say that a perfect basis is strong if, for any i G / and b & B such that ej(6) 7^ 0, 

there exist some m G Z and e = 0, 1 such that 

c,(6) = 7r^g'"[5.(6)]r. 



a eAv 
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Note that [n]J = ^^Zj g- ""+''vrf for n E Z>o. 

For any sequence i = {ii, . . . ,im) G (m > 1), we define a binary relation on 
y \ {0} inductively as follows: 

if i = (i), V ^iv' ^ Eiiv) < Eiiv), 



if i = (z; i'), V v' -x^ 



Ei{v) < Ei{v') or 

E,{v) = E,{v'), ef''\v) ^, (^'^'^{v'). 



We write: (i) v =i v' if v v' and v' v, (ii) v' -<i v if v' w and v ^\ v' . 
One can easily verify the following lemma. 

Lemma 6.2. 

, , I f z/ -<i 

(a) If V V , then v + v =i \ 

I v' if V -<i v'. 

(b) For allveV \ {0}, the set V^'"" := {0} U{^;' G 1/ \ {0} | v' v} forms a 
Q^{q) -module of V. 

For i = (ii, . . . , im) G /™ and v eV \ {0}, we define 6-°^ as follows: 



el'^'^'^Hv) ifi=(2), 
e*°Poe*°P ifi=ai') 



One can see that if i? is a strong perfect basis, then e^^'^B C (A'^)^ ■ B. 

Let ■.= {v eV \ eiV = for all z G /} be the space of highest weight vectors in V 
and let B^ = fl i? be the set of highest weight vectors in B. Then we have 

Lemma 6.3 ([BeKa07, Claim 5.32]). The subset B^ is a Q{qY -basis ofV". 

Proof. Indeed, [BeKa07] treated the case when the base ring is a field. However, since 
we can reduce this lemma to their case. □ 



In [BeKaOT], Berenstein and Kazhdan proved a uniqueness theorem for perfect bases 
in the following sense: 

Theorem 6.4 ([BeKaOT]). Let B and B' be perfect bases ofV such that B^ = {B')^ . 
Then there exist a bisection tp: B B' and a map B ^ Q.{(l)^ such that 

^lj{h)-i{h)h G V^'^ 
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for any b E B and any i = (ii, . . . satisfying el°^{b) E . Moreover, such tp and 
^ are unique and ip commutes with and Si {i E I). 

Lemma 6.5. Let B he a strong perfect basis ofV. 

(i) For any finite subset S of B, there exists a finite sequence i = (zi, . . . , im) of I 
such that ei°P(6) E (A^)^ ■ B^ for anybES. 

(ii) Let bo E B^ and let i = (zi, . . . , im) be a finite sequence in I. Then the set 

S:={bEB\ e;°P(6) E {A^V ■ bo} 

is linearly ordered by 

Proof. The proof is similar to the one of [KK012, Lemma 2.9]. □ 
Now we prove the main result of this section: a characterization theorem for Va^ ■ 

Theorem 6.6. Let M be a U{Q)-module in OJ^^{U{q)) such that wt(M) C A - Q+. 
Suppose Matt is an -submodule of M satisfying the following conditions: 

(a) e\^^ M^jr C Ma't for any i E L, 

(b) (Mat)a = A'^va for some v\ E Ma, 

(c) M has a strong perfect basis B C M^t such that B^ = {v\}. 
Then we have 

(i) Ma. ^ Va.(A)\ 

(ii) B is an A^ -basis of M^^, 

(iii) VA.(A)A^HomA.(VA.(A)):,A-). 

Proof. Since M has a unique highest weight vector f a, the W(g)-module M is isomorphic 
to V(A). Since (Ma-) a = A'^vk and 

V rA^v _ /„ ^ . V A ^ I ■ ■ ■ e ^"^A for all (zi, ■ ■ ■ , z^)l 

y such that i^k^i OkUi^ + A = A J 

it is clear that Ma- is contained in Va'^{KY . Thus, in order to see (i) and (ii), it suffices 
to show that Va- (A)^ C ^^.^b ^""b. 

For any u E Va-(A)^, we write u = Y^baB^^bb with Ch E Q(g)^. Set B{u) := {b E 
B \ Ch ^ 0}. By Lemma 6.5(i), there exists a sequence i = (zi,...,?^) such that 
ej°P(6) E {A^)^v/^ for every b E B{u). Then Lemma 6.5(ii) tells that B{u) is linearly 
ordered with respect to -<i. Using the descending induction, we shall show that c^ E A"" . 
For the maximal element b, e|°P(cbb) = ef''^{u) = ObCbb for some ab E (A^)^ . Thus 
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we can start an induction. Assume that Cb' G A'^ for any b' & B such that b -<i b'. By 
setting vo = b, ik = ei^{vk-i) and Vk = ejl''\k~i {I < k < m), we have 

ejf ^6' e Va-(A)'' for some a^G (A")^ 



^in. ■■■ ^ii u-abCbVA+ cye^^ 



which imphes C;, G A'^. 

(iii) foUows from (i), (ii) and the lemma below. 



□ 



Lemma 6.7. Assume that V(A)^ has a strong perfect basis B such that v\ & B and 
B C Vat(A)^. Then the dual basis of B is an -basis o/ Vat(A). 

Proof. Let be the dual basis of B. By the definition of strong perfect bases, 

for any i G Z>o and 6 G 5, we can write 

er'b = Cb,ffT~em+ E -^'b' 

L s,ih')<s,{b)-£ 

for some ab' G A'^ and Cb/ G (A'^)^. Hence we have 



(6.1) 



fF'm-)=cb, 



for some a'j,, G A'^. 

Since B is an A'^-basis of Vat(A)^, we have 



Hence it is enough to show that 
(6.2) 



Va.(A) c ^A-^b^ 

beB 



b"" G Va.(A) 



for any /3 G Q"*" and b G Bi^_p. We shall prove it by induction on the height If 
/3 = 0, the assertion is trivial. Let us assume > 0. Then we prove (6.2) for i G / and 
b G i?A-/3 such that Eiip) > by the descending induction on Siib). Taking I = Siib), 
(6.1) implies 

/fHefP(6)^)-6^G e K^ibr- 



e,{b')>e,ib) 



Since // (e*°^(6)) and {b'Y belong to VA'r(A) by the induction hypothesis, we obtain 
&^gVa-(A). □ 
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In Theorem 8.9 and Theorem 8.14, we will show that VA'r(A)^ has a strong perfect 
basis. 

7. SUPERCATEGORIES AND 2-SUPERCATEGORIES 

In this section, we recall the notion of supercategories, superfunctors, superbimodules 
and their basic properties (see [KKTll, Section 2]). We also introduce the notion of 
2-supercategories. 

7.1. Supercategories. 

Definition 7.1. 

(i) A supercategory is a category equipped with an endofunctor n<^ of and an 
isomorphism ^.jf : 11^^ ^ id<^ such that ■ U^^ = U^^ ■ G Hom(n|,, n<^). 

(ii) For a pair of supercategories and a superfunctor irom ^ to is a functor 
F: ^ — > endowed with an isomorphism ap : F ■ Il^g II-^/ ■ F such that the 
following diagram commutes: 



(7.1) 



F ■ (n.^)2 U^.-F- (Hc^O' ■ ^ 



If F is an equivalence of categories, we say that (F, a^) is an equivalence of 
supercategories. 

(iii) Let (F, a^) and (F',a^,) be superfunctors from a supercategory ^ to A 
morphism from (F, a^) to (F',a^,) is a morphism of functors ip: F ^ F' such 
that 

F ■ ^ F' ■ u.^ 

a 

f 

W.'^i • F II'^#'' ■ F 

commutes. 

(iv) For a pair of superfunctors F: ^ — )■ and F' : — )■ the composition 
F' ■ F : ^ — J- of superfunctors is defined by taking the composition 

F'-a a -F 

F F' 

F' ■ F ■ II<^ 5~ F' ■ ■ F *- Tli^i' ■ F' ■ F 
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In this paper, a supercategory is assumed to be a k-linear additive category, where k is 
a commutative ring in which 2 is invertihle. 

The functors iA^ and 11 are superfunctors by taking Oj^^ = idn : id<if ■ 11 — 11 ■ id%r 
and = — idn2 : 11 ■ 11 — )■ 11 ■ 11. Note the sign. This is one of the main reasons that 
the sign is involved in calculation in supercategories. The morphism a^: F ■ 11 — )■ 11 • F 
is a morphism of superfunctors. Note that we have 

(7.2) ttn-F = -n ■ G Hom(n ■ F ■ H, ■ F). 

For a supercategory (^,11,^), its sign-reversed supercategory '^^^ is the supercategory 
('^, n, If exists in k, then '^^^ is equivalent to ^ as a supercategory. 

The Clifford twist of a supercategory (^, 11, ^) is the supercategory i^'^'^ , , 
where ^"-^^ is the category whose set of objects is the set of pairs (X, </?) of objects X 
of ^ and isomorphisms : IIX X such that 

^ li-^ ^ \ commutes. 




For objects (X, (yj) and (X',(y9') of we define Homc^cT ((X, </?), (X', (/?'))) as the 

subset of Hom>i^(X, X') consisting of morphisms /: X — X' such that the following 
diagram commutes: 

n/ 

nx — nx' 

X — ^X'. 

We define H^ct : ^^t ^ ^ct ^^^^ ^^^^^ . (n^cT)^ ^ id^cT by 

n.^cT(x,(^) = (x,-(^), 

ec^cT(X,y.) = id(x,^) : (n^cT)2(X,y.) = (X,(^) ^ (X,y.). 
We have morphisms of superfunctors 

^sr ^ ^CT g^j^^ <^CT ^ ^sr_ 

If is idempotent complete (i.e., any endomorphism / of an object X G ^ such that 
P = ] has a kernel in ^), then we have an equivalence of supercategories 
(7.4) (^CT)CT ^ ^_ 
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7.2. Superbifunctors. 

Definition 7.2. Let and be supercategories. A superbifunctor F : ^ x 

is a bifunctor endowed with isomorpliisms 

ap{X, Y) : F(nX, Y) ^ TIF{X, Y) and Y) : F(X, HF) nF(X, F) 

whicli are functorial in X G and F G such that the two diagrams 



F{Jl^X,Y) 



a^(nx,y) 




nF(nx, F) 



F{X,Y) 



n-a(x,Y) 



n2F(X,F) 



and 



F(x, n^F) ^ nF(x, nF) ^ n2F(x, f) 




F(X,F) 



commute, and the diagram 



F(nx, nF) ^ — - — ^ nF(nx, f) 



(7.5) 



a^(x,ny) 



nF(X, HF) 



n-/3j.(X,Y) 



n.a^{x,y) 



n2F(X,F) 



Let F: ^ X — be a superbifunctor of supercategories. Then we can check 
that F induces superbifunctors 



Let ^ and be a pair of supercategories. We denote by Fctsupcr('^, ^') the cat- 
egory of superfunctors from ^ to This category is endowed with a structure of 
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supercategory by: 

n(F, ap) ■= (n.^', ttn^,) ■ «f) = (n^^' ■ -n^^' ■ «f)' 

Note the sign in the definition of n(F, ap). 

Let be another supercategory. Then we have the following proposition. Since 
the proof is routine, we just remark that the anti-commutativity of (7.5) follows from 
aYi.F ~ ~n ■ ap G Hom(nFn, II^-F), and we omit the details. 

Proposition 7.3. 

(i) The hifunctor Fctsupcr(^, x ^ {F,X) ^ F{X) is endowed with a 
structure of superbifunctor by: 

a{F,X) : (n ■ F){X) -^Il-:^'{F{X)) is the canonical isomorphism, 
/3(F,X): F{U<^X) U^,{F{X)) is ap{X). 

(ii) The bifunctor Fctsupcri'rf','rf") x FctsuperC^-^') Fctsupcr(^, , ^ 
G ■ F, is endowed with a structure of superbifunctor by: 

a{G, F): {U ■ G) ■ F U ■ {G ■ F) is the canonical isomorphism, 
(3{G, F): G ■ {U- F)^U- {G ■ F) isa^-F. 

The following proposition is also obvious. 

Proposition 7.4. Let^ , and'^" be supercategories. A superbifunctor ^ x^' — > 
induces superfunctors 

^ ^ Fctsuper(^',^") and ^' ^ Fct,uperC^,^"). 

Conversely, a superfunctor ^ Fctsupcr(^', "^'O induces a superbifunctor x -> 
Note that we have equivalences of supercategories: 

FctsuperC*^''^,^'''^) - FctsupcrC^,"^')", 
Fctsupcr('^^'', ^'^'^) — Fctsupcr(^, '^O'^'^- 



50 



SEOK-JIN KANG, MASAKI KASHIWARA, AND SE-JIN OH 



7.3. Even and odd morphisms. Let ("^,11,^) be a supercategory. Let us denote by 
the category defined by Ob(<^°) = Ob(^) and Hom^D(X,r) = Rom<4X,Y) © 
Hom<:^(X, ny). The composition of / G Hom<:^(y, H^Z) C Homc^o [Y, Z) and g G 



(composed with IPZ Z when e = e' = 1). Hence Hom<r(fD(X, Y) has a structure of 

superspace, where B.om^^{X, Y) is the even part and Hom<^(X, UY) is the odd part. A 
morphism X — )■ UY in ^ is sometimes called an odd morphism (in from X to Y. 



The category has a structure of supercategory. The functor Hf^o is defined as fol- 
lows. For X G ^, define n^D(X) = X. For X, F G ^, the map U^u : Hom^D(X, F) ^ 
Hom^D(n^D(X),n.^D(r)) = B.om.g-n{X,Y) is defined by 



The morphism • — > X is defined to be idx- Note that is not idempotent 
complete in general eve if ^ is abelian. 

There exists a canonical functor ^ — )■ that we denote by X t— X^. It has 
a structure of superfunctor by the isomorphism a^'- ^ ■ Hc^d ■ ^ defined by 



{We denote it by F ^ .) 
(ii) We have (n<:^)° — LIc^d as a superfunctor from to . 

7.4. 2-supercategories. In this subsection, we give a definition of 2-supercategories. 
We only consider additive 2-supercategories over a base ring k in which 2 is invertible. 

Definition 7.6. A 1- supercategory is a k-linear category ^ such that Hom<:^(X, F) is 
endowed with a structure of k-supermodule for X, y G ^ and the composition map 
Hom<r^(F, Z) X Hom<(f (X, Y) — )■ Homf^(X, Z) is k-superbilinear. 

We say that a morphism / : X — F is even or odd according as / belongs to the 
even part or the odd part of Hom(X, Y). For a supercategory the category is 
a 1-supercategory. 




> W+''Z 



n<i^D |Hom^(x,n'=y) — {~^y idHom^(x,n^y) for £^ — 0, 1. 
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For a pair of super-l-categories, the notion of a superfunctor from to is 

naturally defined, and we do not write it. However, as for bifunctors, we need a special 
care. 

Definition 7.7. Let be three 1-supercategories. A superbifunctor F : ^ x 

^' ^ ^" is the data 

(i) a map Ob(^) x ObC^') ^ Ob(^"), 

(ii) a k-linear even map Hom.^(X,X') ^ Hom.^» (F(X, F), F)) for 
X,X' e ^ and Y G 

(iii) a k-linear even map F{X, •): Homc^/(F,y') ^ Hom.^» F), F')) for 
X G ^ and F, F' G 

such that 

(a) F( • , F) : ^ ^ ^" and F(X, • ) : ^ ^" are superfunctors, 

(b) as elements of Hom.^// (F(X, F), F(X', F')), we have 

F{f, Y') o F(X, ^) = (-l)^^'F(X', g) o F) 
for X, X' G / G Hom.^(X, X')^ and F, F' G ^ G Hom.^/(F, F')e'. 
The following proposition is easy to verify. 
Proposition 7.8. 

(i) Let F : "io he a superfunctor of supercategories. Then it induces a super- 
functor F^ : — )■ of \- supercategories. 

(ii) Let F : X — )■ he a superbifunctor of supercategories. Then it induces a 
superbifunctor F^ : x — )■ ^'"^ of 1-supercategories. 

Definition 7.9. A 2-supercategory ^ is the data of 

(i) a set 9 of objects, 

(ii) a 1-supercategory Jlfomgi{a, a') for a, a' G 9^, 

(iii) a superbifunctor J^om(^{a2,a3) x .^^mg(ai,a2) — )■ e^^mg(ai, 03), (621^1) ^2^1 
for ai, 02, as G 9, 

(iv) an object G £ndg^{a) for a G 

(v) a natural even isomorphism 

can(63,62,&i): (&3&2)&i ^ &3(&2&i) 
for Ofc G S and fej G J^om(^{ai, Oj+i) (/c = 1, . . . , 4, i = 1, 2, 3), 
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(vi) natural even isomorphisms 

bla-^b and la'b^^b 

for a, a' G 3 and b G Jifom(^{a, a') 
such that the following diagrams are commutative. 

can(b4,fe3,fe2)-t'i 



{b,bs){b2b. 



((M3)&2)6l 

can{64fe3,b2,^'i) 

can(fe4,b3,fe26i 



&4(&3(Ml)) 



{b^{b,b2))b, 

ca.n{b4,bQb2,bi) 

fe4-can(fe3, 62,^1) 



&4((M2)&l) 



(&2la)&l 



can{b2,^a,f'i) 



&2(la&l 



Example 7.10. 

(i) Let the set of objects of 9 is the set of supercategories. For supercategories ^ and 

set J^omg^ij^,'^') = Fctsuper(^5 ^')°- Then S becomes a 2-supercategory. 

(ii) Let the set of objects of 21 be the set of k-super algebras. Let A, B, C be k- 
super algebras. Set J^om<^{A, B) = ModsupcriB , A)^ and define the bifunctor 

Mbmg^iB, C) X J^omg^{A, B) J^omg^iA, C) by (A', L)^K®L. 

Then S is a 2-supercategory. (See § 7.5 below.) 

Let S be a 2-supercategory. The objects (resp. morphisms) of J^omg{a, a') are re- 
ferred to as 1-arrows (resp. 2-arrows). Let b: a — a' be a 1-arrow. A right superadjoint 
of 6 is a 1-arrow b^ : a' ^ a with even 2-arrows e: bb^ !„/ and 77: 1^ —t- b^b such 
that 

brj 



and 



■^bh.^bb'^b — 



'^ly ^b'^bb'' 



> In'b^b 



-^b'^la'^b^ 



are the identities. If a right superadjoint exists, then it is unique up to a unique even 
isomorphism. We call (fe, fe^) a superadjoint pair and {e,ri) the superadjunction. 
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Let b,b' : a ^ a' he a. pair of 1-arrows, and assume that they admit right superadjoints 
with superadjunctions {e,ri) and (5', 77'). Then we have an even isomorphism 

Rom ji^om{a,a'){b, h') ^ Y[oYa,j^om{a' ,a){h' ^ , h^) (/ ^ f^)- 

Here, is given by the composition 

T/V ~ 



Proposition 7.11. Let fei,fe2)&3 1-arrows from a to a' . Assume that they admit 
right superadjoints. For f G Hom(6i,62)£ O'lT'd g G Hom(62,63)e' with e,e' = 0,1, we 
have 

{gofY = [-ir'r og\ 

Proof. Let (sfc, rjk) be the superadjunction for hk {k = 1, 2, 3). Then we have a diagram 
in J^om{a', a) 




£3 



id 



£2 



A 



£3 



»?1 



"2 



£2 ^ £3 



hXh^hi 




Here, Sk and 77^ are even morphisms. Hence all the squares are commutative except 
that the central square A is (— l)'^^'-commutative. 



By the definition, {g o fY is the composition of the left most arrows, and o g^ is 
the composition of the rightmost arrows. Hence we obtain the desired result. □ 

Remark 7.12. As seen in Lemma 7.5 (i) and Proposition 7.8, the notion of supercat- 
egories and that of super- 1-categories are almost equivalent. Hence, although we can 
define the notion of a 2-category using the condition that ^om^{a,a') are supercate- 
gories, those two definitions are almost equivalent. 
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7.5. Superalgebras and superbimodules. Recall that a k-superalgebra is a Z2- 
graded k-algebra. Let A = AoQ)Aihe a. superalgebra. We denote by (pA the involution 
of A given by 

0^(a) = (— for a G A^, e = 0, 1. 

We call (pA the parity involution of the superalgebra A. An A-supermodule is an A- 
module with a decomposition M = Mq © Mi such that A^M^/ C M^+e/ (e, e' G Z2). 
For an A-supermodule M, we denote by 0m : M — M the involution of M given by 
0m|mj = (— l)^idM,- We call 0m the parity involution of the A-supermodule M. Then 
we have 0m (oa;) = 0^(0) 0m (a;) for any a E A and x G M. 

Let A and -B be k-superalgebras. We define the multiplication on the tensor product 
A Ok 5 by 

(7.6) (ai ® 6i)(a2 ® 62) = (-l)"'i"Haia2) ® (6162) 

for ai G A^;, 6i G i?^', = 0,1). If M is an A-supermodule and is a S- 

supermodule, then M N has a structure of A -B-supermodule by 

(a ® 6)(u (g) i;) = (-l)^^'(an) ® (6w) 

for a G A, 6 G fi^, ue M^,,v e N {e, e' = 0, 1). 

Example 7.13. Let A be a k-superalgebra. 

(a) Let Mod(A) be the category of A-modules. Then Mod(A) is endowed with a 
supercategory structure induced by the parity involution 0^; i.e., for M G Mod(A), 
we have 

UM := {tt{x) I X G M} , 7r(x) + 7r(x') = 7r(x + x), 
a ■ 7i{x) := 7r(0yi(a) ■ x) (a G A, x, x' G M). 

The isomorphism ^m: H^M — >■ M is given by vr (vr(x)) i-t- x (x G M). 

(b) Let Modsupcr(A) be the category of A-supermodules. The morphisms in this 
category are A-module homomorphisms which preserve the Z,2-grading. Then 
Modsuper(A) has a supercategory structure induced by the parity shift; i.e., 

(HM), := {7r(x) | x G Mi„J (e = 0, 1), 
a ■ 7r(x) := 7r(0^(a) ■ x) {a ^ A, x & M). 

The isomorphism ^m'- H^M — >■ M is also given by vr (7r(x)) 1— > x. 



SUPERCATEGORIFICATION OF QUANTUM KAC-MOODY ALGEBRAS II 55 

Let A be a k-superalgebra. The sign-reversed k-superalgebra of A is defined to be 
tlie k-superalgebra A^^ := {a^'^ \ a G A} wliicli is isomorpliic to A as a k-supermodule 
with the multiphcation given by 

For an A-supermodule M, let M^^ := {u^'^ \ u G M} be the A'^^'-module with the action 
given by 

^sr _ ^-iY^\auf' for aeA,,ue M,,, e,e' = 0, 1. 

We remark that if k contains then A^^ is (non canonically) isomorphic to A by 

a'"' I-)- {^/^Ya for e = 0,1 and a G A^. 

Lemma 7.14. We have equivalences of supercategories: 

Mod„(A^'-) ^ ModsuperlA)'"^ ^ Mod{Af^. 

Proof. The right equivalence is proved in [KKTll, Section 2]. Let M 1— )■ M^'^ be an 
equivalence of categories from Modsupcr(^) to Modsupcr(^'^'^)- We give an isomorphism 

by [^{x))^^ H- 'iT[(j)Mixy'^y We can check easily that it gives an equivalence of super- 
categories from Modsupcr(^)'^'^ to Modsupcr(^'^'^)- n 

Let y4 be a k-superalgebra. Let us denote by yl^^pcrop ^j-^g opposite superalgebra of 
A. By definition, it is the superalgebra (A™p^''°p)^. := {a^p^™? \ a e A,} {e = 0, 1) with 
^supcrop ^supcrop ^ ^_ ^^ee' (^^^^supcrop a G and 6 G A^/. Then a right A-supermodule 
M may be regarded as a left y4''"P''''°P-supermodule by 0'^"?'=^°? x = (—ly^'xa for a G 
As and x G Mg/. We should not confuse yl'^upcrop -^j^j-^ ^j^g opposite algebra := 
{a°PP I a G A} with the multiplication a°PP 6°pp = (6a)°PP. We have A^p'^^p ^ (A°pp)^^ 

Let A and B be k-superalgebras. An {A, B)-superbimodule is an (A, i?)-bimodule 
with a Z2-grading compatible with the left action of A and the right action of B. 
Furthermore, we assume that ax = xa for a G k and x G M. We denote by 
Modsuper(^5 -B) the category of (A, i?)-superbimodules. We have Modsuper(^5 -B) — 

Modsupcr(^®5™P^™P). 

For an (A, i?)-superbimodule L, we have a functor Fl: Modsuper(-B) — )■ Modsuper(^) 
given by I— )■ L (g)^ for TV G Modsupcr(-B). Then becomes a superfunctor with 



56 SEOK-JIN KANG, MASAKI KASHIWARA, AND SE-JIN OH 

an isomorphism 

: FlUN = L ®ij HiV ^ UFlN = U{L ®b N) 

given by 

s ® 7r(x) I-)- vr(0i(s) ® x) (s G L, x G A^). 

For an {A, i?)-superbimodule L, the superbimodule structure on UL is given as 
follows: 

a ■ 7t{s) ■ b = 7r(</)^(a) ■ s ■ b) for all s E L, a & A and b E B. 

Then there exists a natural isomorphism between superfunctors rj: Fjjl — H ■ F/^. The 
isomorphism r]^: (JIL) N ^ n(L N) is given by 7r(s) ® x (-)■ 7r(s ® x). It is 
an isomorphism of superfunctors since one can easily check the commutativity of the 
following diagram: 



FuL ■ n ^^^^ U-Fl-U n.c_ 



n ■ FnL U-U-Fl 




U-U-Fl 



Q^-Fi=-idn.nF^ 



by using the fact 0nL(7r(s)) = — 7r(0i(s)). Summing up, we obtain 
Proposition 7.15. L ^ F^ gives a superfunctor 

Modsupcr(A,5) ^Fct 

super 

(Mod 

super 

(5),Modsuper(A)) =iFct 

super 

(Mod(5),Mod(A)) 

and superbifunctors 

Modsuper(A,5) X Modsuper(5) ^ Mod 

super 

Modsupcr(^, 5) X Mod(5) ^ Mod(A). 

Let A,B,C be k-superalgebras. For K G Modsupcr(^, -B) and L G Modsupcr(-B, C), 
the tensor product K ®b L has a structure of (A, C)-superbimodule. We define the 
homomorphisms 

a{K,L): {IlK) ®B L^I{{K ®B L) by tx{x) ®y ^ ti{x ® y) 

and 

P{K,L): K®B{^L)^n{K®BL) by x ® Ti{y) ^ Ti{<i)K{x)®y). 
These homomorphisms are well-defined and we can easily check the following lemma. 
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Lemma 7.16. • ®b • : Modsuper(^, -B) x Modsupcr(-B, C*) — ^ Modsuper(^, C*) is a su- 
perbifunctor of supercategories. 

We now discuss the endomorphisms of bimodules. Let A, B, C he k-superalgebras 
and let L be an {A (g) C, i?)-superbimodule. Regarding L as an [A, i?)-bimodule, we 
obtain a superfunctor : Mod(i?) — Mod(A). Thus we get a superalgebra homomor- 
phism 

which is given by assigning to c E {e = 0, 1) the morphism in Modsuper(^, B) 

L 3 X I — y it" (ex) e U^L. 

Similarly, let K be an {A, B ® C)-superbimodule and consider K as an (A, B)- 
bimodule to obtain a superfunctor F^'- Mod(i?) — ?■ Mod(74). Then we get a super- 
algebra homomorphism 

C EndFctsupor{Mod(B),Mod(A))D(-Fft:)''"''''''°'^ — EndMod(A,B)D(-R')'''''''"'°'^ 

by assigning ^/;™pci'op to c G Cg (e = 0,1), where '0 G }loraMod{A,B){K ,W K) is the 
morphism 

K3x^ 7r"(0x"(x)c) e H'K. 

7.6. Grothendieck group. Assume that the supercategory (^, E, ^) is an exact cat- 
egory such that n sends the exact sequences to exact sequences. Recall that the 
Grothendieck group [^] of ^ is the abelian group generated by [X] (X is an object of 
"io) with the defining relations: 

if ^ X' ^ X ^ X" -> is an exact sequence, then [X] = [X'] + [X"]. 

We denote by tt the involution of [^] given by [X] i— )■ [IIX] . Then [^] is a module over 
= Z © Zvr. 

8. SUPERCATEGORIFICATION VIA QUIVER HECKE SUPERALGEBRAS 

8.1. Quiver Hecke superalgebras. In this subsection, we recall the definition of 
quiver Hecke superalgebras and their basic properties ([KKTll]). We take a graded 
commutative ring k = ^ base ring. For the sake of simplicity, we assume 

that ko is a field of characteristic different from 2. 
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Let (A, P, n, n^) be a Cartan superdatum. For i 7^ j G / and r, s G Z>o, let tjj;(r-,s) 
be an element of k satisfying the following conditions: 

ti,j;{-a,j,o) e k^, U,j;(r,s) = if 2 G /odd and r is odd. 



We take tjj;(r,s) = for i = j. 
For any u E I"^ (n > 2), let 



be the superalgebra generated by (1 < < n) where the parity of the indeterminate 
Xk is p(i^fc)- For i,j G /, we choose an element Qij in V(ij) of the form 



Qi,j{Xi, X2) — ^ ^ ti,j;{r,s)^l^2- 

Definition 8.1 ([KKTll]). The quiver Hecke superalgebra R{n) of degree n associ- 
ated with a Cartan superdatum (A, P, IT, 11^) and {Qij)i,jei is the superalgebra over k 
generated by e(z/) {u G /"), (1 < < n), Ta {1 < a < n — 1) with the parity 



p(e(i/)) = 0, p(xfce(z/)) = p(i/fc), p(rae(i/)) = p(z/a)p(z^a+i) 
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subject to the following defining relations: 

e(/i)e(z/) = 5f,,ue{u) for fi, E 1 = e(z/), 

XpXge{u) = (-l)P(^'')p('^'')xgXpe(i/) if p ^ g, 

Xpe(z/) = e{u)xp, Tae{v) = e{sa i^)Ta, where Sa = (a, a + 1), 

TaXpe{u) = (-l)P('^'')P(^'')P('^"+i)xpr„e(i^) if p a, a + 1, 

(raa;,+i-(-l)P('^")p('^"+^)x„rJe(i.) 

= (x.+ir, - (-l)P(-)P(^''+^)r,xJe(i.) = 5,,,..+,e(z/), 

(8.1) ^ae(l/) = Qua,Ua+i{Xa,Xa+l)e{u), 

Tane{i^) = (_i)PK)p(--+i)pK)pK+i)rferae(i^) if |a - 6| > 1, 

{Ta+lTaTa+l - rara+lTa)e{u) 

Xa+l) f . J 

e[y) if Va = e /even 

Xa+2 ~ Xa 
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a+2 







if — Va+2 £ -^odd) 

otherwise . 



The algebra R{n) is also Z-graded by setting 

degz(e(z/)) = 0, deg2(xfce(z/)) = (a^Ja^^J, deg2(rae(z/)) = -(a^^Ja^.+J. 
For /3 G Q+ with = n, set 

J/3 = {zy = (z/i, . . . , e J" I + . . . + = /3} . 

For a, /3 G Q"*" and m, n G Z>o, we define 

_R(m, ra) = _R(m) (8)k R{n) C i?(m + n), 

^('^) = ^(^)' = ^ e(z/), e(a,/3)= ^ e(/i, i/), 

i^e/" i/e/'' Aie/«, i^e/'' 



^ e(i^), e(/3,z'=) = e(/3,fcai). 



1/6/"+'', 

J^n+l=--- = '^n + fe=« 



60 



SEOK-JIN KANG, MASAKI KASHIWARA, AND SE-JIN OH 



Here, R{m) ®k Rin) is endowed with a superalgebra structure by (7.6) and the map 
R{m) R{n) — i?(m + n) is a superalgebra homomorphism. 

For an i?(m)-supermodule M and an _R(n)-supermodule N, we define their convolu- 
tion product M o N hj 

MoN := R{m + n) {M(^N). 

Proposition 8.2 ([KKTll, Corollary 3.15]). For each w G Sn, choose a reduced ex- 
pression Sj^ ■ ■ ■ Si^ of w and write = ti^ - ■ ■ Ti,, . Then 

{x\^ ■ • ■x^"r^e(i/) I a = (ai, . . . , a„) G Z%, w e Sn, v e I'"} 

forms a basis of the free k-module R{n). 

Let Modsuper(-R(/9)) be the category of arbitrary Z-graded -R(/3)-supermodules. Let 
Projs^ppj.(-R(/3)) and Repg^pgj,(i?(/3)) be the full subcategories of Modsuper(-R(/3)) consist- 
ing of finitely generated projective i?(/3)-supermodules and i?(/3)-supermodules finite- 
dimensional over kg, respectively. The morphisms in these categories are i?(/3)-linear 
homomorphisms preserving the Z x Z2-grading. As we have seen in Example 7.13 (b), 
these categories have a supercategory structure induced by the parity shift. 

In the sequel, by an R{n) -module or R{P) -module, we mean a Tj- graded R{n)-supermodule 
or R{I3) -supermodule. 

For an i?(/3)-module M = ^^^^Mt, let M{k) denote the Z-graded i?(/3)-module 
such that M{k)t := Mk+t', i-e., M{k) = ^^^^M^+t- We also denote by q the grading 
shift functor 

{qM)i = M,_i. 

The Grothendieck groups [Projsypej,(i?(/9))] and [Repguper(-R(/3))] have the A'^-module 
structure given by q[M] = [qM] and 7r[M] = [HM], where [M] denotes the isomorphism 
class of an i?(/3)-module M. 

Let a = Yl "^fc.sQ'^Tr^ G A'^ with m^^e G Z>o. For an i?(/3)-module M, we define 

fceZ, e=0.1 

(8.2) aM= (g^ffM) 

fceZ, e=0.1 

so that we have [aM] = a[M]. 
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8.2. Strong perfect basis of Repgypgj.(i?). In this subsection, we study the struc- 
ture of the supercategory Repsypgj.(i?(/3)) based on the results of [EKLll] and [KK012, 
Section 6]. In those papers, the authors studied the supercategory Rep{R{(3)), not 
Repgupgi.(-R(/3)), but their results provide us with a good foundation. In [HW12], Hill 
and Wang dealt with the supercategory RepsupeA^i/^)) under a certain restriction, 
called the (C6) condition (see § sec:QKM). Although [Rep(i?(/5))] ~ [Rep,„pg,(i2(/3))]/(7r- 
1) as we saw in [KK012], the action of vr on Repgypgj.(i?(/3)) is non-trivial and will be 
investigated here. 

Throughout this subsection, we assume that 

the ring kg is a field of characteristic different from 2 and the kj's are 
finite-dimensional over ko 

Under the assumption (8.3), the superalgebra R{f3) has the following properties: 

(i) Any simple object in Modsupcr(-R(/3)) is finite-dimensional over ko and 
has an indecomposable finitely generated projective cover (unique up 

(8.4) to isomorphism), 

(ii) there are finitely many simple objects in Repg^pg^,(i?(/3)) up to Z-grading 
shifts and isomorphisms. 

Thus Repg^pgj.(-R(/3)) contains all simple -R(/3)-supermodules and the set of isomor- 
phism classes of simple -R(/3)-supermodules, denoted by Xrr(i?(/3)), forms a Z-basis of 
[Rep,,pg,(i?(/3))]. 

For 1 < k < n, let ■=TkXk+i G R{nai). It is known ([EKLll, HW12, KL09]) that 

(a) The b^'s are idempotents and they satisfy the braid relations, 

(b) b^ is well-defined for any w G S'„ by (a), 

(c) b(i") := is a primitive idempotent of R{nai), where wq is the 
longest element of Sn- 

Proposition 8.3 ([EKLll]). The superalgebra R{nai) is decomposed into a direct sum 
of projective indecomposable Z x 'Ij2-modules: 

(8.5) R{na,) ~ [n]^\P{n, 
where 

Pin ■■= (vr,g,)-"("-i)/2^(na,)b(^"). 
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The factorial [n\J\ is defined in (4.3). 

Note that P(z") is a unique indecomposable projective -R(naj)-supermodule up to 
isomorphism and (Z x Z2)-grading shift. By (8.4), there exists an irreducible R{nai)- 
supermodule, denoted by L{i"'), which is unique up to isomorphism and (Z x Z2)- 
grading shift: 



where 1 is the simple k[a;i] (g> ■ ■ ■ ® k[x„]-supermodule which is isomorphic to kg. 
For M G Rep r(-^(/5)) i E I, define 



ei{M) = max{k > | A^fcM ^ 0}, 
E,{M) = e(/3 - ai,t)M e Rep,^^,,{R{(3 - «i)), 
e,(M) = soc(E,(M)) G Rep„(/2(/3 - a,)), 
i^'(M) = Ind^,«,(M K L(z)) e Rep„(/2(/3 + a,)), 
/,(M) = hd(i^'M) e Rep„(i?(/3 + a,)). 



Here, soc(M) means the socle of M and hd(M) means the head of M. We set ei{M) = 
—00 for M = 0. Then and F/ are superfunctors. 

For M = ®aezi^a,o ffi ^a,i) ^ R-^Psuper (-R(/9) ) , we define its {q,7i) -dimension and 
(g, n) -character as follows: 



Lemma 8.4 ([Kle05, KL09, LV09]). For any [M] E Xrr{R{(3)) and i E I , we have 

(a) [ciM] E Irr{R{/3 - a^)) if ei{M) > 0, and [fiM] E Irr{R{^ + at)). 

(b) fiCiM ~ M ifei{M) > 0, and CifiM ~ M. 

(c) k„M = /or n > anc? ko ~ End/j(;3)(M). 

Proposition 8.5 ([KK012, Proposition 6.2]). For any [M] E Xrr{R{l3)) with e := 
ei{M) > 0, we have 



(8.6) 



L(z"):=IndS 




(8.8) 



dim;(M) := Ea6z;(dimko M,,o + vrdimk^ M,j)g" G Z[g±i]-, 
ch;(M):=E.e/.3dim;(e(z/)M)-e(i.). 



(8.9) [E,M] = 7ri-g^^[e]ng.M] + ^^[iV,], 



A; 



w/iere [A^^] e Irr{R{f3 - «»)) wi/i £:i(A''fc) < £ - 1. 
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As can be seen in the following theorem, the endofunctor 11 on Repg^ppj,(_R(/3)) treated 
in this paper is substantially different from the one in [KK012] (cf. [KK012, Theorem 
6.4]). 

Theorem 8.6. For any [M] G Xrr{R{(5)), we have 

M -k UM. 

Proof. It was shown in [KK012, Theorem 6.4] that 

S-IIS for any simple S e Mod(i?(/3)). 

Since Repsupj,j.(-R(/3))**'^ is equivalent to the Clifford twist of Rep(i?(/3)), the assertion 
follows from [KKTll, Lemma 2.11]. □ 

Let ip: R{(3) — )■ R{P) be the ant i- involution given by 

(8.10) ip{ab) = '4j{b)ilj{a), ip{e{iy)) = e{u), i;{xk) = Xk, ^(t;) = n 

for all a,be R{(3). For any M G Mo dsuper(i? (/?)), we denote by M*:=Homko(M, ko) the 
ko-dual of M whose left i?(/3)-module structure is given by ip. By a direct computation, 
we have 

(qM)* = Homko(gM,ko) ~ q^'Rom^^iMM) = q~\M*). 
Similarly, we have (IIM)* ^ n(M*), which implies 

mM)* ^Ii]-\kY^{M*) forA;GZ>o. 

Here we set :=nPW. 
Proposition 8.7. 

(a) For any [M] G Xrr{R{(3)) such that e := ei{M) > 0, we have 

{ql-%Mr ^ n^^gi-e~.(M*). 

(b) For any [M] G Xrr{R{l3)) , there exists a pair of integer (ri,r2) such that 

[q'^M)* ~ W^q^'^M. 

Proof. Note that the duality functor * commutes with the functor Ei. Applying the 
functor * to (8.9), we have 

k, SiiN*)<e-l 
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On the other hand, 

k, ei{N'^)<e-l 

Therefore the assertion (a) holds. 

We will prove (b) by induction on If = 0, our assertion is trivial. If > 0, 
take 2 G / such that e = ei{M) > 0. By induction hypothesis, there exists {r[,r2) such 
that 

Wiq^igj-^eiM ~ {q'''^ql-'eiM)*. 

The assertion (a) implies 
which yields 

ql-'ei{q''^M) ~ IP^'^^^^'^^'-'^ql^'eiiq''' M)* . 
Therefore, by Lemma 8.4 (b), we conclude 

Thus the pair (p(«)(l — £) — r'i,r2) is the desired one. □ 
For [M] G Irr{R{P)), we say that M is quasi- self- dual if 

M* ~ n^M for e = or 1. 
Note that, by Theorem 8.6, e is uniquely determined by M. 
Example 8.8. For i G /, we can easily check that 

Hence, for = 2 and i G /odd, we have {qiLii"^))* ~ nj(gjL(z^)). However, (H^g''L(z^))* 
is never isomorphic to H^g^L(z^) for any r G Z and any e = 0, 1. 

Let Xrrqsd(-R(/3)) be the subset of Xrr{R{f3)) consisting of the isomorphism classes 
of quasi-self-dual modules in Xrr{R{P)). Then Xrrqsd{R{/3)) forms an A-basis of the 
Grothendieck group [Repgypj,j.(i?(/3))]. Choose a subset Xrro{R{(3)) C Xrrqsd(-R(/9)) 
satisfying the conditions: 

XrroiRm n nXrroiRm = 0, 
^ ■ ' Xrrq3d(i?(/3)) = Xrro(/?(/3)) U vrXrro ). 



(8.12) af{u)= J2 
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Such a subset Xrro{R{f3)) exists by Theorem 8.6. 

Theorem 8.9. For (3 G Q"*", ZrrQ{R{(3)) is a strong perfect basis of [Reps^p^j.{R{f3))] 
as an A'^ -module. 

Proof. The statement is an immediate consequence of Proposition 8.7 and (8.9). □ 

8.3. Cyclotomic quotients. In this subsection, we quickly review the resuhs on the 
cyclotomic quiver Hecke superalgebras which were proved in [KK012, Section 7, 8, 
9]. 

For each i E I and k G Z>o, we take Ci-k ^ ^k{ai\ai) such that (i) q^o = 1, (h) Ci-k = 
if z G /odd and k is odd. For A G P"*" and z G /, we choose a monic polynomial 

{h,,A) 
fc=0 

and define 

Definition 8.10. Let /3 G Q"*" and A G P"*". The cyclotomic quiver Hecke superalgebra 
R^{/3) at P is the quotient algebra 

R{(3)a\xi)R{f3)' 

We need the next proposition in proving our main result: the supercategorification 
of integrable highest weight modules. 

Proposition 8.11 ([KK012, Corollary 7.5]). For (3 G Q"*", there exists m such that 

R^{(3 + kai) = for any k > m. 

Let Modsuper(-R'^ (/?)), ProjsupGr(-^^(/5)) Repg„pgj.(-R'^(/3)) be the supercategories 
defined in a similar manner as we did in §8.1. For each i G / and /3 G Q"*", we define 
the superfunctors 

: Mods,per(i?^(/3 + «^)) ^ Mod„ (i?^ (/3) ) , 
i^^: Modsuper(i?^(/3)) ^ Modsuper(i?^(/3 + «.)) 
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by 

Et{N) = e{f3,z)N = e{f3,z)R\f3 + a,) ®,jA(^+„^) N, 
Fl'iM) = R\I3 + a,)e(/3, i) ®rA(^) M 

for M G Mods^per(i?'^(/3)) and N G Modsuper(^^(/3 + Then {F^^.E^) is a super- 
adjoint pair (see § 7.4); i.e., 

Hom^A(^+„^)(i^^M,iV) ~ Hom^A(^)(M,EfiV). 

Set n = There exist natural transformations: 

x^A : Et ^ n,g-^Ef , x^A : F^ ^ H.g-^i^^, 



r^A : E^Ef U''(i)pij) gi^'l'^j) Ef F^^ , TpA : i^^F/ ^ nP^P^^'^g^^'I^^^F/i^^ 

induced by 

(a) the left multiplication by on the kernel e{(3,i)R^{f3 + aj) of the functor Ef", 

(b) the right multiplication by Xn+i on the kernel R^{f3 + aj)e(/3, i) of the functor F^^, 

(c) the left multiplication by r„+i on the kernel e(/3, i,j)R^{(3 + + a^) of the functor 

(d) the right multiplication by r„+i on the kernel R^{(3 + ai + aj)e{/3, of the functor 

« i • 

For 7 with I7I = n and u ^ F , let us denote by 

E^ = E^^--- Et^ : Modsuper(i?^(/3 + 7)) -> Modsuper(i?^(/3)). 
Then x^a's and t^a's induce a superalgebra homomorphism 

i ij 

J{('y) — ). End ( E^^ 

(Recall the discussion at the end of § 7.5.) Under this homomorphism, e{v) G -R(7) is 
sent to the projection to the factor E^, Xke{v) is sent to E^^ ■ ■ ■ x^ja^ ■ ■ ■ E^^, and Tke{iy) 
is sent to Ej^ ■ ■ ■ tra ■ ■ ■ E^} . Here, we have forgotten the grading. 
Similarly, let us denote by 

Fj^ = Fj;^ ■ ■ ■ F,^ : Mod„{R^m ^ Modsupor(i?''(/3 + 7))- 
Then x^a's and t^a's induce a superalgebra homomorphism 

i ij 

R( ) — )■ End ( ^A\supcrop 
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where e{iy) G R{j) is sent to the projection to the factor F^, Xke{u) is sent to 



Fj; ■ ■ ■ xpA ■ ■ ■ Fj, , and e{u)Tk is sent to F,f ■ ■ ■ tpa ■ ■ ■ F.,, . 
By the superadj unction, t^a induces a natural transformation 



Set 



Proj„(i?'^) = Proj,,p,,(i?^(/3)), Rep„(i?^) = Rep,,p,,(i?^ (/?)). 

^6Q+ /3GQ+ 



Theorem 8.12 ([KK012, Theorem 8.9]). The functors and Ff" are well-defined 

UupeAR^) and Rep„( 



exact superfunctors on Proj grl-^'^) '^'^^ R-^p Hence they induce the endo- 



morphisms Ej and Fj on the Grothendieck groups [Projsupj;i,(-R'^)] and [Reps^ppj,(i?^)] : 
[Proj„(i?^(/3))] . [Proj„(/?^(/3 + «,))] , 



[Rep,„per(^^(/3))] : [Rep,,p,, (/?^ (/3 + a,))]. 



Theorem 8.13 ([KK012, Theorem 9.1, Theorem 9.6]). There exist natural isomor- 
phisms of endofunctors on Modsuper(-R^(/3)) given below: 

E^Ff ^ g-{"»l°.)nP«P(J')F/Ff if I ^ J, 

(fc„A-/3>-l 

Il,q-'F!^E^(B n,^gf^i?fi^^ z/(/^„A-/3)>0, 
l^-l'^) fc=0 

-(/i,,A-/3)-l 

n.g-^i^^i?f ^ i^^ © U^'-'qi''-' ^f {K. A - /3) < 0. 

A;=0 

8.4. Supercategorification. As our main results, we show that Reps^p(,j,(i?'^) and 
Reps^pgj.(-R) provide a supercategorification of VA'r(A)^ and U'^^^qY , respectively. In 
this subsection, we assume that the condition (8.3) is satisfied; i.e., ko is a field and 
the kj's are finite-dimensional over ko. 

By (8.4) and Lemma 8.4(c), we have a perfect pairing 

(8.14) [Proj,,p,,(i?'^)] X [Rep,,p,,(i?^)] 
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given by 

{[P],[M])^dun;{P^ ^raM), 

which imphes that [Projg^ppj.(i?^)] and [Repsyp(;j.(-R^)] are A'^-dual to each other. Here, 
is the right i^'^-module obtained from P by applying the anti-involution ip (see 
(8.10)). 

Let Ej and Fj be the endomorphisms on [Projgypgj,(i?^)] or [Repg^pg^,(-R^)] given in 
Theorem 8.12. Then we can check easily that they are adjoint to each other. For 
example, we have 

(Fl'Pf ® M = (i?^(/3 + «,)e(/3,2) ® P)Y ® M 

^ P^ ® e{^,t)R^{(3 + ai) ® M 

for P G Rep,„p,,(i?^(/3)) and M e Rep,,p,,(i?^(/3 + a^)). 

Let us show that Ej and induce ^^a^^ (0)-niodule structures on [Projs^pgj,(i?^)] and 
[Repgupei.(-R^)]. The natural isomorphisms given in (8.13) can be written as follows: 

EiFj = g-(°^l"i)7rP»P(j)FjEi if i ^ j, 
^8 15) E,F, = gr^TT.F.E, + if (/i,, A - /3) > 0, 

E.F, + = q;\,F,Ei if {hi, A - /3) < 

on [Proj,„pg,(i?^)] or [Rep3^p^,(i?^)]. 

Let Kj be an endomorphism on [Projsupci.(-R^)] and [Repgupci.(-R^)] defined by 

Then (8.15) can be rephrased as 

(8.16) E,F, - g-("'l"^)7rP«P(^)F,E, = 6,,,^ ~ 



2 ' 



which coincides with one of the defining relations in Definition 5.1. 
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We now define the superfunctors 

i^^^"^ : Modsuper(i?^(/3)) ^ Modsuper(i?^(/3 + na,)) , 
: Modsuper(i?^(/3 + na,)) ^ Modsuper(/2^ (/?)), 

by 

i^^^"^(M) =i?^(/3 + na,)e(/3,z") ®ijA(^)^^(„,^) (M®P(z")), 

for M G Modsuper(i?^(/3)) and N € Modsuper(i?'^(/3 + noj)). Tlien Proposition 8.3 
implies tliat 

Note tliat 



[rz]-!Ef ^ )" and [nj^li^^^"^ ^ (i^Y- 



(i) tlie actions of Ej on [Projg^pei.(-R^)] and [Repg^pgj.(i?^)] are locally 
nilpotent, 

(ii) by Proposition 8.11, the actions of Fj on [Projgupgj.(-R^)] and 
[Repguper(-R^)] are locally nilpotent, 

(8.17) (iii) if /3 7^ and M G Reps^p(,j,(i?^(/3)) does not vanish, then there 
exists 2 G / such that Ej[M] 7^ 0, 
(iv) Ej and Fj are the transpose of each other with respect to the 
coupling (8.14). Indeed we have ^ra F,M ~ (E^P)'^ (8)^a M 
and P'f' EiM ~ (F^P)'^ (g)^A M. 

By Proposition 2.9, (8.16) and (8.17), the endomorphisms Ej and Fj satisfy the Serre 
relations in Definition 5.1, which gives a W^tt (g)-module structure on [Projgypj,j,(P'^)] 
and [Rep,^,pe,(P^)]. 

Let Xrr(P^(/3)) be the set of isomorphism classes of simple P'^(/3)-supermodules. 
Using the fully faithful functor RepgypQj.(P^(/3)) ^ Rep^^^^j.{R{f3)) , we define a subset 
Irro{R^{/3)) of Xrr(P^(/3)) by 

Xrro(P^(/3)) = Xrro(P(/3)) n [Rep„(P^ (/?))]. 

Set Zrro{R^) := LI/36Q+ -^^'^o(-R^(/3))- Then Theorem 8.9 implies that XrTo{R^) is a 
strong perfect basis of [Reps^ppj,(P^)]. Therefore, by Theorem 6.6 and (8.17)(iii), we 
obtain the following supercategorification theorem. 

Theorem 8.14. Let A G P+. 
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(i) [Repgyp£,j,(i?^)] and [Projs^pQj.(-R^)] are Ua^{q) -modules. 

(ii) Zrro(R^) is a strong perfect basis of [Repg^p^j.{R^)]. 

(iii) There exist isomorphisms of Ujss^tv^q) -modules 

Va.(A)^ - [Rep„(i?^)] and Va.(A) - [Proj,,p,,(i?^)]. 
In particular, Va^{-^) and VA^i-^Y are free A'^ -modules. 

Set 

[Proj„(i?)] := e [Proj„(i?(/3))], [Rep,,per(^)] := © [Rep„(i?(/3))]. 

/3eQ+ /3GQ+ 

We denote by B|^"(0) (resp. B^^ (g)) the A'^-subalgebra of B^~{q) generated by e- and 
//"-^ (resp. e'j^"^ and fi) for alH G / and n G Z>o. Then, by a similar argument given 
in [KK012, Corollary 10.3], we have: 

Corollary 8.15. 

(i) [Repg^pgJ,(-R)] and [Pioi^^^^^^R)] have a structure of B^„{q) -module and B^™{q)- 
module, respectively. 

(ii) There exist isomorphisms 

Wa-(s)'' - [RePsupcr(^)] f^^d Wa.(0) ^ [Proj3^p,,(i?)] 

as a B^^(g) -module and a B^^^ (g) -module, respectively. In particular, U^^(q) and 
^A^idY fl^e free A'^ -modules. 

Corollary 8.16. LetM,M' e Rep,„p,,(i?(/3)). //ch;(M) = ch;(M'), then [M] = [M']. 
In particular, if M and M' are simple, then M ~ M'. 

8.5. Quantum Kac-Moody algebras. In [HW12], Hill and Wang proposed a con- 
dition on a Cartan superdatum 

(C6) the integer dj is odd if and only if i G /odd- 

Under the condition (C6), we claim that there are equivalences of categories 

ModP(W(0)) - ModP(U(0)) - ModP(U„(0)), 

where Ui,(g) is the usual quantum Kac-Moody algebra with a parameter v (which will 
be set to be y/Tiq). 
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Let us recall the definition of quantum Kac-Moody algebras. For n G Z>o, set 



iWi = mv'i^,v~'i^ and 



n 




n 


m 


V 


m 



The quantum Kac-Moody algebra U„(0) associated with a Cartan datum (A, P, 11, 11^) 
is the Q(w)-algebra generated by Cj, /j and Kf^ {i G /) subject to the following defining 
relations: 



y diaij 



J' 



V ^ — V 



1—ai 



fc=0 

E 

fc=0 



1 - ai 
k 

1 - a,; 



1 ^ 



(^T^j) 



Hence Q[-\/7r] ® U^(0) is nothing but the algebra f/6»,p(0) with puO^^^ = v^'^K Recall that 
the algebra U(g) is equal to f/e,p(s) with paO^^^ = qfni. 

Assume that the condition (C6) is satisfied and set v = qy/n. Then we have 



(qy/n) 



2d, 



2 d, 2 



Therefore, combining with Theorem 5.2, we obtain 

ModP(Q[v/^ ® W(g)) ^ModP(U(0)) ^ModP(Q[v/^®U„(0)), 



(8.18) 
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